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Probability Density Function 4

Your notes

Calculating Probabilities using PDF
What is a probability density function (p.d.f.)?

= Foracontinuous random variable, it is often possible to model probabilities using a
function

= Thisfunctionis called a probability density function (p.d.f.)

= Forthe continuousrandom variable, X , it would usually be denoted as a function of
X (such as f(x) org(x)) andis usually given piecewise

e.g.

x 0<x<1
f(x)=11 1.5<x<2
0 otherwise

= f(x) should be defined for all values of x € R
= Thedistribution (or density) of probabilities can beiillustrated by the graph of f(x)

= The graph doesnot need to start and end on the x-axis

The graph does not have to be continuous

]
=

|

v

N jmm——————

= Forf(x)torepresentap.d.f. the following conditions must apply
= f(x)> 0forallvalues of x

= Thisisthe equivalent to P(X = X) > 0 foradiscrete randomvariable
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= The areaunder the graph must total 1 ,

foof(x) dx=1 Your notes

—o0
= Thisisequivalentto 2 P(X = x) = 1 foradiscrete random variable

How doll find probabilities using a probability density function
(p.d.f.)?

= The probability that the continuous random variable Xliesin the interval

a < X < b, where X has the probability density function f(x), is given by

PlasXsb)= [ () dx

= Aswith the normal distribution P(a < X < b) = P(a< X< b)
= forany continuousrandom variable,P(X= n) = ( forallvalues ofn
= Oneway tothink of thisis that 2 = b inthe integral above
= Piecewise Function are oftenused as the p.d.f. is not often a single function of x

= Finding a probability may involve splitting the area across more than one piece of
the function

= Thiswilldepend onthe limitsaandbin P(a < X < b) thatis being found

How do solve problems using the PDF?

= Some questions may ask forjustification of the use of a given function for a probability
density function

= [nsuchcasescheck that the function meets the two conditions f(X) > Oforall

values of X and the total area underthe graphis1
= |faskedto find a probability

= STEPI

As the probability density function, f(x), is usually given piecewise make sure you
are clear about the values of x for which each part applies

x—-1 1<x<2
eg fx)=93-x 2<x<3
0 otherwise

= STEP2
If simple to do so, sketching the graph of y=f(x) may help to find the probability

= ook forbasic shapes such as triangles or rectangles; finding areas of these is easy and
avoidsintegration

= ook forsymmetry inthe graph that may make the problem easier
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= STEP3 ,

= |dentify the range of X, particularly noting if it is split across different parts of the Your notes
p.d.f.

= Findtherequired area (probability), either by basic shapes orintegrate f(x) and
evaluate it between the two limits, splitting if necessary

= Trickier problems may involve finding a limit of the integral givenits value

= j.e.oneof thevaluesintherange of X, given the probability
e.g. Findthevalueof givenP(0< X< a)=0.09

o

Worked Example
The continuous random variable, X , has probability density function
0.4(x—1) 1<x<2

f(x)= 0.1(6-x) 2<x<6
0 otherwise

(a) Show that f(X) canrepresent a probability density function.

(b)Find
HP(X>4)
i P(X=3.2)

@i P(1.5<X<2.5)

Answer:

al There are two conditions for a function to be a p.d.f.

o0 2 6
J ﬂx)dx=J 0.4(x — 1) dx +J2 0.1(6 — x) dx
—oa 1

= 0.410.5x% — x1? + 0.116x — 0.5x215
0.4(0 - —0.5) + 0.1(18 — 10)
=0.2+038

J £(x) dx = 1

Also, f(x) 20 for all values of x so f(x) meets both
conditions to represent a probability density function.
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b) STEP 1 p.d.f. is given piecewise with ,
1< x<2and2<x<6 Your notes

STEP 2 Graph is two straight lines, so sketch

=
Y
0.4 A .
0.2 /\
1
1 I 1 T .~
ol 4y 2 4 & x
(i) STEP 3 Identify the range: > 4

bh

This is a triangle so use %

P(X>4)=%XZ"D.2

1 - P(X < 4) is also valid
but would require more work!

P(X > 4)=0.2

(i) P(X=3.21=0

P(X=n)=0 for dall values of n

(iii) STEP 3  Range is 1.5 — 2.5 so is split

Shapes dre trapeziums, so could use %h (a + b)

but not especially easier than integration

2 2.5
P15 < X < 2.5)=J 0.4 (x — Ndx + .[2 0.1(6 —x)dx

1.5

0.410.5x2 — x12, + 0.1[6x — 0.5x215°

0.4 (0 — -0.375) + 0.1(11.875 — 10)
0.15 + 0.1875

Il

P15 £ X £ 2.5)=0.3375

o

Examiner Tips and Tricks

= |fthe graphis easy to draw, then a sketch of f(x) is helpful

= Some p.d.f. graphs have symmetry, common shapes such as triangles or
rectangles so areas are easier to find, avoiding the need forintegration
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= Always keep an eye for probabilities that are split across different parts of a /
piecewise function

Your notes

Median and Mode of a CRV

What is meant by the median of a continuous random
variable?

= The median, m, of a continuous random variable, X, with probability density function
f(x) is defined as the value of the continuous random variable X, such that

P(X<m)=P(X>m)=0.5
= Since P(X =m) = 0 thiscanalsobe writtenas P(X < m) = P(X>m) =0.5

= |fthe p.d.f.is symmetrical (i.e. the graph of y = f(x) is symmetrical) then the median will be
halfway between the lower and upper limits of x

= |nsuch casesthe graph of y=f(x) has axis of symmetryinthelinex=m

How do| find the median of a continuous random variable?

= By solving one of the equations to find m
m
[" 10 dx =05
—o0
and

foof(x) dx=0.5

m

= [fthegraphof y = f(X) is symmetrical, symmetry may be used to deduce the median

= Forpiecewise functions, you will need to determine which part of the function the
median lies within to determine which equation to use

= |f there are more than two (non-zero) parts to a function then the integration may
need splitting

= You can also use the cumulative distribution function to find the median

How do | find quartiles (or percentiles) of a continuous random
variable?

= |nasimilarway to finding the median

= Thelower quartile will be the value L such that P(X<L)=0.25or
P(X=L)=0.75

= The upperquartile will be the value U such that P(X<U)=0.75 or
P(X>U)=0.25

= Percentiles canbe findin the same way

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com


https://www.savemyexams.com/?utm_source=pdf

= The 15t percentile will be the value k such that P(X< k) = 0.15 or ,
P(X=k)=0.85

Your notes
= |nall cases start by determining which part(s) of the function are involved

What is meant by the mode of a continuous random variable?

= The mode of a continuous random variable, X , with probability density function f(x) is
the value of x that produces the greatest value of f(x) .

How do find the mode of a PDF?

= Thiswilldepend onthe type of function f(x); the easiest way to find the mode is by
considering the shape of the graph of y=f(x)

= |fthe graphis a curve with a (local) maximum point, the mode can be found by
differentiating and solving the equationf'(x) = O

= |fthereis more than one solutionto f'(x) = O, further work may be needed to deduce
which answeris the mode

= ook forvalidvalues of X from the definition of the p.d.f.
= Usethe second derivative (f'' (x)) to deduce the nature of each stationary point

= Youmay need to check the values of f(x) at the endpoints too

o

Worked Example

The continuous random variable X has probability density function f(X) defined as

1
£(x) ax(16—xz) 0<x<4
X —_

0 otherwise

(a) Find the median of X, giving your answer to three significant figures

(b) Find the exact value of the mode of X

Answer:
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a) Sketch the graph

Y

* Third root is x=—4

* Negative cubic:\n

*Not necessarily symmetrical
* (Local) maximum

0 mode 4 3

m
For the median, solve “J f(x) dx=0.5"
0

m
ng' (16x — ) dx = 1
0

2
/] m
[8;(2 —Tx‘] =32
0]
8m2 — 1t =32
7z
m* — 32m? + 128 = 0

This is a ‘hidden quadratic’ equation in m?
Using the formula

m2=16+8Y2'

L m=05.226 251... Out of range
or m=2.164 764...

& Median m = 2.16 (3sf)

b) Differentiate, solving f’(x) = 0 to find the mode

£ (x) = 2= (16 — 33

64
516 -3x2=0
_.
X2 = 3
x=i$ Reject x=f4’\£§1 since O0<x<4
4 Clearly from sketch of graph
Mode = = 3

X = %ﬁ is a (local) maximum

Examiner Tips and Tricks

s

Your notes

quick

1, SaveMyExams
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= Avoid spending too long sketching the graph of y = f(x), only do this if the graphis
straightforward as finding the median and mode by other means can be just as
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E(X) & Var(X) (Continuous) /

Your notes
E(X) & Var(X) (Continuous)
What are E(X) and Var(X)?

= E(X)is the expected value, or mean, of arandom variable X
= E(X)isthe same as the population mean so can also be denoted by u
= Var (X) is the variance of the continuous random variable X

= Standard deviationis the square root of the variance

How do | find the mean and variance of a continuous random
variable?

= The mean, for a continuous random variable Xis given by
[ <]

E(X)=p= f xf(x) dx
— 00

= Thisis equivalent to ZxP(X = x) for discrete random variables
= Ifthegraphof y= f(X) has axis of symmetry, x=a, then E(X)=a

= Thevarianceis given by

Var(X) =02 = foo x2f(x)dx — p?

— OO
= Thisis equivalent to ZXZP(X= X) —,u2 for discrete random variables

» Be careful about confusing E(X2) and [E(X)]?

] E(X2)=[ Xzf(X) dx “mean of the squares”

|:E(Xv):|2 = lf X f(X) dX] “square of the mean”

= |fyou are happy with the difference between these and how to calculate them the
variance formula becomes very straightforward

Var(X) =E(X?2) - [E(X)]2
How dol calculate E(g(X))?

. E(g(X)= f_ ~ g(0f(x) dx
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= |nparticular: ,

. E(X2)=f Xzf(X) dxasseenabove Yournotes

. Ifg(X) = aX + b(alinearfunction) then
- E(g(X))=E(aX+b)=aE(X)+b
- Var(g(X)) = Var(aX + b) = a> Var(X)

o

Worked Example

A continuous random variable, X, is modelled by the probability distribution function
f(x), such that

1.5x2(1-0.5x) 0<x<2

f(x) =
(x) 0 otherwise

@Find E(X).

(b)Find Var(X).
Answer:

o0

(a) ‘Elx)= p = J xFf(x) dx"

2
n =J A5x% (1 — 0.5x) dx
o]

2
y =J (1.5x% — 0.75x*) dx
o]
# = [0.375x* = 0.15x°17
H=6-43
M =12
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(b) "WVar(x) = 0% = J x2f(x) — [M1%" or " E(x2) — [M1%"
2
E(x2) = Jo (1.5x* — 0.75x5) dx

=1[0.3x5 — 0.125x61, =1.6
L0 =E(x2) — 412
=16 - (1.2)%
0?=0.16

o

Examiner Tips and Tricks

= Asketch of the graph of y = f(x) can highlight any symmetrical properties which
can help reduce the work involved in finding the mean and variance

= Take care with awkward values and negatives - use the memory features on your
calculator and avoid rounding until your final answer (if rounding at all!)

= TheformulaeforE(X) = M and VaI(X) = g2 are giveninthe formulae
booklet

4

Your notes
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Continuous Uniform Distribution /
Your notes

Continuous Uniform Distribution

What is meant by the continuous uniform distribution?
= Thisis aspecial case of a probability density function for a continuous random variable
= The normal distributionis another special case coveredin S1

= Theuniform, orrectangular, distributionis a p.d.f. thatis constant and non-zero over a
range of values but zero everywhere else

f(x)

b—a

'« ) " N N S R D ———

= Since the areaunder the graph has to total 1, the height of the uniform distribution would
be

1
b—a

= Therefore the probability density functionis given by

1
f(x)=y b—a
0 otherwise

a<x<b

How do | find probabilities for a continuous uniform
distribution?

= Sketch the graph of y=f(x)
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= Probabilities are the area under the graph, all such areas willnow be rectangles ,
= Finding the area of arectangle is likely to be easier than integration! Your notes

= The symmetrical properties of rectangles may also be used to find probabilities

How do | find the mean, median, mode and variance of a
continuous uniform distribution?

= Themean, orexpectedvalue, is given by

1
E(X)=—(a+b)
= Thisis the (vertical) axis of symmetry of the rectangle

b
. Shouldtheabovebeforgotten,E(X)=f xf(x) dx can stillbe applied
a

= Yoube may asked to use this to prove the result
= The mediancan also be found by symmetry and will be equal to the mean
= Thereisnomode as f(x) is equal - and so atits greatest - for all values of x

= Thevarianceis given by
1
Var (X) = - (b—a)2

= Should the above be forgotten, Var(X) = f x2f(x) dx—=[E(X)J? or
Var(X) = E(X?) - [ E(X)]? canstill be applied
= Youmay be asked to use this to prove the result

= The standard deviationis the square root of the variance

o

Worked Example

A continuous random variable, X , is modelled by the uniform distribution such that

f(X) =0.4fora<x<4and f(X) =0 otherwise.
aisaconstant.

(a) Show that thevalue ofais1.5.

(b) Find
HWP(2.5<X<3)
i E(X)
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rational number.

Answer:

@ o= 1+ for all values of x

/]
4 —-a

1=0.4(4 — a)
0.4a=16-1

=04

A4
~a=15

a=0.6
0

b)(i)  Shade your graph from earlier
P(25<X<3)=0.5%x0.4=0.2
P(25< X< 3)=0.2

() E(X) = % (@ +b)*

E(X) = % (15 +4)=2.75

E(X)=2.75

. A
c) Var(X) ,]2(b a)

=452
Var(X) = 2 (4 -1.5)

6.25 _25
127 48

_ [25"_ 543’
St. Dev. = 8- 12

Standard deviation is %'\I?

Var(X) =

o

Examiner Tips and Tricks

symmetry in a uniform distribution

1, SaveMyExams © 2026 Save My Exams, Ltd.

(c) Find the standard deviation of X, giving your answer in the form 8/ 3 whereaisa ,

Your notes

= Asketch of the graph of a uniform distribution is quick and will highlight the

= Use areas of rectangles to find probabilities rather than integrating
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