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The Poisson Distribution /

Your notes

Properties of Poisson Distribution

What is a Poisson distribution?
= APoissondistributionis a discrete probability distribution

= The discrete random variable X follows a Poisson distribution if it counts the number of
events that occur atrandom in a given time or space

= ForaPoissondistributionto be valid it must satisfy the following properties:
= Events occursingly and at random in a given interval of time or space
= The mean number of occurrences in the giveninterval(A) is known and finite
= Ahastobe positive but does not have to be aninteger

= Eachoccurrenceisindependent of the other occurrences

If X follows a Poisson distribution thenitis denoted X ~ Po(1)

= Aisthe meannumberof occurrences of the event

= The formula forthe probability of roccurrencesin a givenintervaliis:
/1’
] P(X=r) =e 4Xx Ty forr=0,1,2,....n
r!

= eistheconstant2.718..
s =r(r—-1)(r-2)....2x1
What are the important properties of a Poisson distribution?
= The mean and variance of a Poisson distribution are roughly equal
= Thedistribution can be represented visually using a vertical line graph
= |fAisclose to O then the graph has a tail to the right (positive skew)
= |fAisatleast5 thenthe graphis roughly symmetrical

= The Poisson distribution becomes more symmetrical as the value of the mean (A)
increases
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Worked Example

X is the random variable ‘The number of cars that pass a traffic camera per day’.

State the conditions that would need to be met for X to follow a Poisson distribution.

Answer:

Cars must pass the traffic camera singly and independently
Thisis likely, cars normally move separately,
unless one is being towed

Cars must pass the traffic camera at random

This is less likely as some cars may pass the
camera as part of a daily routine

The mean number of cars passing the traffic camera must be
known and finite

This could be found by looking at data
from the traffic camera

Modelling with Poisson Distribution
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How do I setup aPoisson model? ,
= Find the mean and variance and check that they are roughly equal Your notes
= You may have to change the mean depending on the given time/space interval
= Make sure you clearly state what yourrandom variable is
= Forexample, let Xbe the number of typing errors per page in an academic article

= |dentify what probability you are looking for

What can be modelled using a Poisson distribution?

= Anything that occurs singly and randomly in a given interval of time or space and
satisfies the conditions

= Forexample, let X be the random variable 'the number of emails that arrive into your
inbox per day"

= Thereisagiveninterval of a day, thisis an example of aninterval of time
= We canassume the emails arrive into yourinbox at random
= \We canassume each emailisindependent of the other emails

= Thisis something that youwould have to consider before using the Poisson
distribution as a model

= |fyou know the mean number of emails per day a Poisson distribution can be used
= Sometimes the giveninterval will be for space
= Forexample, the number of daisies that exist on a square metre of grass

= |ook carefully at the units given as you may have to change them when calculating
probabilities

o

Worked Example

State, with reasons, whether the following can be modelled using a Poisson
distribution and if so write the distribution.

(i) Faults occurin alength of cloth at a meanrate of 2 per metre.
(i) On average 4% of a certain population has green eyes.

(iii) An emergency service company receives, on average, 15 calls per hour.

Answer:
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(i The mean is known and finite ,
We can assume faults occur singly and randomly Your notes
We can assume each fault occurs independently of others

Yes X~Pol(2)

(i) There is no given interval of time or space
No
(i) The mean is known and finite

We can assume calls occur singly and randomly
We can assume each call occurs independently of others

Yes X ~Po (15)

\
>
Examiner Tips and Tricks
= |fyou are asked to criticise a Poisson model always consider whether the trials are
independent, thisis usually the one that stops a variable from following a Poisson
distribution!
\
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Calculating Poisson Probabilities /

Your notes

Calculating Poisson Probabilities

Throughout this section we will use the random variable X ~ Po(l) .ForaPoisson
distribution, the probability of a X taking a non-integer or negative value is always zero.
Therefore any values mentioned in this section (other than A) will be assumed to be non-
negative integers.

Where does the formula for a Poisson distribution come from?
= Theformulaforcalculating an individual Poisson probability is

r

ot
= P(X=r) =p,=e*X—forr=0,12,...n
r!
= The derivation of the formula comes from the binomial distribution, howeveritis outside
the scope of this syllabus and will not be proved here

= Whilst the binomial distribution relies on knowing a fixed number of trials, the
Poisson can allow for any number of trials within a time period

=  Only the mean number of occurrences of an event within the given period needs to
be known

How do calculate the cumulative probabilities for a Poisson
distribution?

= Most of the time the value of Awill be in the table for the '‘Poisson Cumulative Distribution
Function'inthe formula booklet

» P(X<x)is asking you to find the probabilities of all values up to and including x
= This will be the value in the row of x
] P(X< X) is asking you to find the probabilities of all values up to but notincluding x
= Thismeans all values that are less than x
= Thiswillbe the valueinthe row of x -1
» P(X<x-1)
= P(X > x)is asking you to find the probabilities of all values greater than and including x
= This means all values that are at least x

= Asthereis not a fixed number of trials this includes an infinite number of
possibilities

= Tocalculate this, use the identityP(XZ x)=1-P(X< x)

» Usingaboveweget: P(X>x)=1-P(X<x-1)
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] P(X> X) is asking you to find the probabilities of all values greater than but not ,

including x
Your notes

= Thismeans all values that are more than x
= Rewrite P(X > x) = 1 — P(X < x) as to calculate this
= Ifcalculating P(a < X < b) thencalculate P(X < b)-P(X<a—1)

= Thisisthe sameidea as forthe binomial distribution

How do calculate the cumulative probabilities for a Poisson
distributionif Ais notin the table?

= |Intheunlikely case thatAisnotinthetable
= Use the formula to find the individual probabilities and then add them up
= Make sure you are confident working with inequalities for discrete values

= Onlyintegervalueswillbeincluded soitis easiest to look at which integer values you
should include within your calculation

= Sometimesitis quickerto find the probabilities that are not being asked for and
subtract fromone

= Havingto type alot of calculations into your calculator can be time consuming and
cause errors

A0 Al YR A3
= Considerthe calculation P(XS 3) =e AX U +e Ax T +e *x j +e~tx ?

= Note that €% existsin every term and can be factorised out
» Recallthat A=1and0!=1

» Recallalsothat Al = 1and1!=1

= This calculation could be factorised and simplified to

A28
. = a1 L 2
P(X<3)=e (1+A+ o + 3!)

= Thisis much simplerand easierto type into your calculatorin exam conditions

How do | change the mean for a Poisson distribution?

= Sometimes the mean may be given for a differentinterval of time or space than that
which you need to calculate the probability for

= Agivenvalue of A canbe adjusted to fit the necessary time period

= Forexampleif afootball team score a mean of 2 goals an hour and we want to find
the probability of them scoring a certain number of goals in a 90 minute game, then
we would use the distribution X ~ Po(3)

= 90=1.5x60sousel.5\
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O Your notes

Worked Example
Xiao makes silly mistakes in his maths homework at a mean rate of 2 per page.

(a) Define a suitable distribution to model the number of silly mistakes Xiao would
make in a piece of homework that is five pages long.

(b) Find the probability thatin any random page of Xiao’s homework book there are
Answer:

(i) exactly three silly mistakes

(i) at most three silly mistakes

(iii) more than three silly mistakes.

al Let X be the number of silly mistakes Xido makes
per page, then X~ P, (2)

2 silly mistakes per page =10 silly mistakes for 5 pages
then use the distribution P, (10}

R (10)

/—\“ Note that this question
b For X ~ P, (2) part refers to one page

3

2
() P(X=3=e2x - =0.18044

3!

P (X=3)=0.180 (3.s.f.)

(i P(X < 3)=0.8571 Using the tables |

P(X <« 3)=0.857 (3.s.f.)

e More than

(i) PX>3)=1-P(X<3 There dre an infinite number
=1 - 0.8571 at values greater than 3
= 0.1428

P (X > 3)=0.143 (3.s.f.)

o

Examiner Tips and Tricks

= | ook carefully at the giventime or space interval to checkif you need to change
the mean before carrying out calculations.
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l = Beprepared forthis to change between question parts! ,

Your notes
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