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The Normal Distribution /

Your notes

Properties of a normal distribution

The binomial distribution is an example of a discrete probability distribution. The normal
distributionis an example of a continuous probability distribution.

Whatis a continuous random variable?

= Acontinuousrandom variable (often abbreviated to CRV)is arandom variable that can
take any value within arange of infinite values

= Continuous random variables usually measure something

= Forexample, height, weight, time, etc

What is a continuous probability distribution?

= Acontinuous probability distribution is a probability distribution in which the random
variable Xis continuous

= The probability of X being a particular value is always zero
= P(X=k)=0foranyvaluek
= |nstead we define the probability density function f(x) for a specific value
= We talk about the probability of X being within a certain range

= Acontinuous probability distribution can be represented by a continuous graph (the
values for X along the horizontal axis and probability density on the vertical axis)

= Theareaunder the graph between the pointsx=aandx=bisequaltoP(a<X<b)
= The total areaunder the graph equals 1
= As P(X:k):OforanyvaIuek, it does not matterif we use strict or weakinequalities

= P(X<k)=P(X <k)foranyvalue k

What is a normal distribution?
= Anormaldistributionis a continuous probability distribution
= The continuous random variable can follow a normal distribution if:
= Thedistributionis symmetrical
= Thedistributionis bell-shaped
= If Xfollows a normal distribution then it is denoted X ~ N(ut, 02)
= pisthemean

= o?isthevariance
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= o isthe standard deviation ,
= |f the mean changes then the graphis translated horizontally Your notes
= |f the variance changes then the graphis stretched horizontally

= Asmallvariance leads to a tall curve with a narrow centre

= Alarge variance leads to a short curve with awide centre

SAME VARIANCES SAME MEANS
DIFFERENT MEANS DIFFERENT VARIANCES

What are the important properties of anormal
distribution?

= Themeanisyp
» The variance is 02
= |f youneed the standard deviationremember to square root this
= The normal distributionis symmetrical about x =
= Mean=Median=Mode =y
= The normal distribution curve has two points of inflection
= X=p=+ g(onestandard deviation away from the mean)
= There are theresults:

= Approximately two-thirds (68%) of the data lies within one standard deviation of
the mean (u + o)

= Approximately 95% of the data lies within two standard deviations of the mean (v =
20)

= Nearly all of the data (99.7%) lies within three standard deviations of the mean (u +
30)

= Foranyvalue xaz-score (orz-value) can be calculated which measures how many
standard deviations xis away from the mean
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Your notes

68%

95%

d - PN

M=30 M—-20 M-0O M M+O p+20 p+30

Modelling with a normal distribution

What situations can be modelled by a normal
distribution?

= Alot of real-life continuous variables can be modelled by a normal distribution provided
that the populationislarge enough and that the variable is symmetrical with one mode

= Foranormal distribution X can take any real value, however values far from the mean
(more than 4 standard deviations away from the mean) have a probability density of
practically zero

= This fact allows us to model variables that are not defined for all real values such as
height and weight

What situations can not be modelled by a normal
distribution?
= Variables which have more than one mode orno mode
= Forexample, the number given by a random number generator
= Variables which are not symmetrical

= Forexample, howlongahumanlives for

o

Worked Example

The random variable S represents the speeds (mph) of a certain species of cheetahs
when they run. The variable is modelled using N(40, 100).

(a) Write down the mean and standard deviation of the running speeds of cheetahs.
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(b) State the two assumptions that have been made in order to use this model.

Answer:

Your notes

a) m=40 and 02=100

Square root to get
standard deviation

Mean M = 40 mph
Standard deviation O =10 mph

b)  We assume that the distribution of the speeds is
o symmetrical
o bell—shaped

\
;
Examiner Tips and Tricks
Remember the second numberin N(x, y) is the variance, if you want the standard
deviation thenyou need to squarerootit.
\
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Standard Normal Distribution /

Your notes

Standard Normal Distribution

What is the standard normal distribution?

= The standard normal distributionis a normal distribution where the meanis 0 and the
standard deviationis 1

= |tisdenotedbyZ
« Z~N(0,1?)

Why is the standard normal distributionimportant?

= Calculating probabilities for the normal distribution can be difficult and lengthy due toits
complicated probability density function

= The probabilities for the standard normal distribution have been calculated and laid out
in the table of the normal distribution which can be found in your formula booklet

= Nowadays, many calculators can calculate probabilities for any normal distribution,
if yours does then the tables can be used as a check

= |tis possible to map any normal distribution onto the standard normal distribution curve

= Mapping different normal distributions to the standard normal distribution allows
distributions with different means and standard deviations to be compared with each
other

How is any normal distribution mapped to the standard normal
distribution?

= Anynormal distribution curve can be transformed to the standard normal distribution
curve by a horizontal translation and a horizontal stretch

= Therefore, for X ~ N(,u,az) and Z ~ N(O,lz), we have the relationship:

_ X-p
o

= Probabilities are related by:

a—
- P(X<a) =P(Z< = )
o
= Thisis avery useful relationship for calculating probabilities for any normal
distribution

= Asthenormaldistributionis a continuous distribution
P(Z1 <Z< Zz) = P(Z1 <Z< ZZ) so you do not need to worry about whether

theinequality is strict (< or >) orweak (€ or )
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= Avalue of z=T1corresponds with the x-value that is 1 standard deviation above the mean ,
and avalue of z= -1corresponds with the x-value thatis 1 standard deviation below the
mean Your notes

= |f avalue of xis less than the mean then the z -value will be negative

= The function ®(z) is used to represent P(Z < z)

How is the table of the normal distribution function used?

= |nyourformulabooklet you have the table of the normal distribution which provides
probabilities for the standard normal distribution

= The probabilities are provided for ®(z) =P(Z< z) =P(Z< 2)

= To find other probabilities you should use the symmetry property of the normal
distribution curve

= Thetable gives probabilities for values of zbetween O and 4
= Fornegative values of z, the symmetry property of the normal distributionis used

= Forvalues greaterthanz =4 the probabilities are small enough to be considered
negligible

= Thetables give the probabilities to 4 decimal places
= Toread probabilities from the normal distribution table forazvalue :
= Findthezvalueinacolumnlabelledzat the top
= The probability (I)(Z) will be the probability directly to the right of the zvalue
= Sothevalue of ®(1.23) =P(Z < 1.23) would be found to the right of 1.23
= P(Z<1.23)=0.8907
= [fthevalue of zis not listed then find the closest value on the table
= z=3l4isnotlistedsousez=3.15

n z=2.25isnotlistedsousez=2.240rz=2.26

How is the table used to find probabilities that are not listed?

= The property that the areaunder the graphis1allows probabilities to be found for P(Z >
2)

= UsetheformulaP(Z>z)=1-®(2)

= The symmetrical property of the normal distribution gives the following results:
» P(Z<2)=P(Z2 -2)
» P(Z22)=P(Z< -2)

= This allows probabilities to be found for negative values of zor for P(Z > z)
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s O(-2)=1-0(2) ‘/
« P(Z>2)=1-0(2) Your notes
= |nsummary

P(Z<2z)=d(2)

P(Z>2)=1-0(2)

= P(Z<-2)=1-0(2)

P(Z> -2)=0(2)
= Drawing a sketch of the normal distribution will help find equivalent probabilities

= Always consider whether the probability should be bigger or smallerthen 0.5

P(Z< z) = §(z)o

GIVEN IN
TABLE

P(Z>z)=1-Plz<z) =1-8z)

/%P(Z>— z) = P(Z< 2) = 8(2)
-Z 0
P(Z<-2)=P(Z>z)=1-P(Z<z) =1-1z)

How are zvalues found from the table of the normal
distribution function?

= To find the value of zforwhich P(ZS Z) = p look forthe value of p from within the table
and find the corresponding value of z

= |fthe probability is given to 4 decimal places most of the time the value will exist
somewhereinthe tables

= |f yourprobabilityis 0.5 or greaterlook through the tables to find the corresponding z
value

= ForP(Z< z)>0.5 usethezvalue foundinthe table

= ForP(Z>z)> 0.5 take the negative of the zvalue foundin the table

= |f the probability isless than 0.5 you will need to subtract it from one before using the
tables to find the corresponding zvalue
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= ForP(Z<2)<0.5 takethe negative of the zvalue found in the table ,

= ForP(Z> z)< 0.5 usethezvaluefoundin the table Your notes
= Always draw a sketch so that you can see these clearly
= The formulabooklet also contains a table of the critical values ofzforP(Z> Z) =p

= This giveszvaluesto 4 decimal places forcommon probabilities

= The probabilitiesin this table are 0.5,0.4,0.3,0.2,0.15,0.1,0.05,0.025, 0.01,
0.005,0.001and 0.0005.

o

Worked Example

(a) By sketching a graph and using the table of the normal distribution, find the
following:

i P(Z<0.96)

i P(Z>0.96)

iiyP(Z < —0.96)

i) P(=0.96<2<0.96)

(b) Find the value of Z such that P(Z < Z) =0.7

Answer:
For normal distribution the
type of inequalities don’t matter.
P(Z<z)=P(Z<2z)
a) (i)

Probability should
be bigger than 0.5

0.96 Z

P(Z<0.96)= 0 (0.96) = 0.8315
P(Z < 0.96) = 0.832 (3.s.f.)

Probability should
\ be less than 0.5
0.96 Z

P(Z>0.96)=1-P(Z<0.86)=1-0.8315 = 0.1685
P(Z>0.96) = 0.169 (3.s.f.)

(i)
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(i)

Probability should
be less than 0.5

s

-0.86 0.96 z

P(Z< -0.96) =P (Z>0.96)
P(Z < -0.96) = 0.169 (3.s.f.)

(iv)

-0.96 0.96 z

b)

P(Z<z)=0.7-

Using the table of critical values

Your notes

By symmetry these

/{d areds are equal

P(-0.96<Z<0.96)=1-P(Z<-0.86)-P(Z>0.96)

=1-0.1685 - 0.1685
P(-0.66 <Z < 0.96) =0.663 (3.s.f.)

°P(Z>2z)=0.3

z must be
positive

= Asketchwill always help you to visualise the required probability and can be used

p=0.3
Z=0.5244
\
>
Examiner Tips and Tricks
to check youranswer
= Checkwhetherthe area shadedis more orless than 50% and compare this with
your answer
L
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Calculations with Normal Distributions /
Your notes

Throughout this section we will use the random variable X ~ N(ﬂ, 0'2) .Fornormal, X can

take any real number. Therefore any values mentioned in this section will be assumedto be
any real number.

Calculating Normal Probabilities

How do | find probabilities using a normal distribution?

= Theareaunder anormal curve between the points X = dand X = bis equalto the
probability P(a <X <b)

= Remember foranormal distribution P(a < X < b) = P(a < X < b) soyou do not
need toworry about whether the inequality is strict (< or >) orweak (< or 2)

= The equation of a normal distribution curve is complicated so the area must be
calculated numerically

= You willbe expected to standardise all normal distributions to Z and use the table of
the normal distribution to find the probabilities

= |tislikely that your calculatorhas a function that can find normal probabilities, if so it
isagoodideatolearntouseitso thatyoucancheckyourprobabilities

= Howeveryou must show your calculations to get the zvalues and use the tables to
get allthe marks

How do calculate the probability for a normal distribution?

» Arandomvariable X ~ N(,u,az) canbe codedto model the standard normal

distribution Z ~N(0, 12) using the formula

= Youcan calculate a probability P(X< x) using the relationship

P(X< x) =P(Z< X;“ )

= Always sketch a quick diagram to visualise which area you are looking for

= Onceyou have determined the zvalue use the table of the normal distribution to find the
probability

= Refertoyoursketch to decideif youneed to subtract the probability from one
= The probability of a single value is always zero for a normal distribution

= Youcan picture this as the area of asingle line is zero

» P(X=x)=0
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. P(X<y)=P(X>y)=O.5

= You canlook at which side of the mean xis on and the direction of the inequality to

4

Your notes

decide if your answer should be greaterorless than 0.5

= AsP(X=a)=0youcanuse:

» P(X<a)+P(X>a)=1

. P(X>3)=1—P(X<a)=1_q)(a;:“)

« Pla< X<b)=P(X< b)—p(X<3)=(D(b;oﬂ)_(D(a—ﬂ)

o

Worked Example

Therandom variable X"‘N(20,52). Calculate:
@P(X<22),
0 P(18< X <27)

Answer:

1, SaveMyExams © 2026 Save My Exams, Ltd.
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= 0.6554
(3sf)

a  X~N20,5) u=20 =5
P(X<22) = P(Z < %) =P(Z<0.4) = (0.4
P(X € 22) = 0.655
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b) ngsx<27;=p¥éz< 27;20 /

=P(-0.4<Z<1.4) Yournotes
=8(1.4) - 8(-0.4)

= 8(1.4) — (1 -80.4))
=0.9192 - (1 - 0.6554)

=0.5746

-0.4

8(0.4)e Kgm—o.m =1-80.4)

0.4
P(18< X< 271 =0.575 (3sf)

L
Inverse Normal Distribution

Given the value of P(X < a) or P(X > a) how do | find the value of
a?

= Givena probability you will have to look through the table of the normal distribution to
locate the z-value that corresponds with that probability

= ook at whetheryour probability is greater or less than 0.5 and the direction of the
inequality to determine whether your z-value will be positive or negative

= fP(X < a)ismorethan0.50rP(X > a) isless than 0.5 then a should be bigger
than the mean

= zwillbe positive

= IfP(X < a)islessthan0.5orP(X > a) is more than 0.5 then a should be smaller
than the mean

= zwillbe negative
= Youdonotneedtorememberthese, a sketch will help you see it

= Always sketch a diagram
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4

Your notes

P(x<a)>0.5e

*P(x>a)<0.5
JM a

Plx<a)l<0.5¢

°P(x>a)>0.5
a M

= |f yourprobability isless than 0.5 you will need to subtract it from one to find the
corresponding zvalue

= Remember that the position of the z-value willnot change, only the direction of the
inequality

= Onceyouhave the correct value substitute itinto the formula z = andsolveto

(o
find the value of a

= Always check that your answer makes sense by considering where aisinrelation to the
mean

Given the value of P(u- a < X <u +a)lfind the valueofa ?

= Asketchmaking use of the symmetry of the graphis essential

100+
. |fyouaregivenP(y—a<X<'u+3)=a% thenP(X<,u+a)wi||be( 5 a)%

= Thisis easierto see fromasketchthantoremember

= Youcanthenlookthrough the tables for the corresponding z-value and substitute
(uta)-u  a
o (o2

intothe formula z =
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p-a p pra

P(X<y+a)=(“+(mT‘°‘))z

(2¢+4oo—¢)z
2

_100+q,
2

o

Worked Example
The random variable W~ N(SO, 36).

Find the value of W such that P( w> W) =0.7673

Answer:

W ~ N (50, 36) M=50 02=36 so O=6
P(W > w)=0.7673

0.7673 > 0.5, w must be less
than 50, z must be negative.

w 50

‘//—E: Write the negative straight away.
Find the z—value: z=-—

$(0.73)=0.7673

z= -0.73
Substitute into the formula and solve for w:

073 = W= sokm
' 6%

-0.73 (6) + 50 Check the answer is
= 45.62 the correct side of m

w = 45.6 (3.s.f.)

2
Il

4

Your notes
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o 4

Your notes
Examiner Tips and Tricks

= The most common mistake students make when finding values from given
probabilities is forgetting to check whether the z-value should be negative or
not. Avoid this by checking early on using a sketch whetherzis positive or
negative and writing a note to yourself before starting the other calculations.
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Finding the Parameters of a Normal Distribution

Finding Sigma and Mu

How do | find the mean (p) or the standard deviation (o) if one
of themis unknown?

= |f the mean or standard deviation of the X ~ N(,u,O'Z) is unknown thenyou willneed to
use the standard normal distribution

= Youwillneedtouse the formula

= Z= oritsrearrangedformx = + oz

o

= You willbe given a probability for a specific value of

x(P(X<x)=por P(X>x)=p)
= To find the unknown parameter:
= STEP1: Sketch the normal curve
= Labelthe known value and the mean
= STEP 2: Find the z-value for the given value of x

= Use the table of the Normal Distribution to find the value of zsuch that
P(Z<Z)=porP(Z>Z)=p

= Make sure the direction of the inequality for Z is consistent with X
= The table gives the z-value to four decimal places to avoid rounding errors
= Use the sketchto help you decide whetheryourzvalue is positive or negative

= Youshould use the 4 decimal places throughout your calculations so that your
final answer can be rounded to 3 significant figures

X —

= STEP 3: Substitute the knownvaluesinto z = orx=u+oz

= Youwillbe givenx and one of the parameters (4 or o) in the question
= Youwillhave calculatedzin STEP 2

= STEP 4: Solve the equation

How dol find the mean (p) and the standard deviation (o) if
both of them are unknown?

= |f both of them are unknown then you will be given two probabilities for two specific
values of x

= Theprocessisthe same asabove

4

Your notes
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= Youwillnow be able to calculate two z-values ,

= Youcanform two equations (rearranging to the form X = i1 + 0z is helpful) Your notes

= You now have to solve the two equations simultaneously

= Be careful not to mix up which z-value goes with which value of X

o

Worked Example

Itis known that the times, in minutes, taken by students at a school to eat theirlunch
can be modelled using a normal distribution with mean p minutes and standard
deviation o minutes.

Giventhat 10% of students at the school take less than 12 minutes to eat their lunch
and 5% of the students take more than 40 minutes to eat their lunch, find the mean
and standard deviation of the time taken by the students at the school.

Answer:

Let the times in minutes, be T~N (M, 02)

Step 1@ Draw a diagram to represent the distribution:

0.1 0.05

12 M 40 T
Less than pm, M Greater than M,
z will be negative z will be positive
Step 2: Find the z—values for 12 and 40
P(Z <z,) = P(Z > —2,) = 0.1]

P(Z > z,) = 0.05

0.1 0.05

Zy= - 0 22=+ T

Use the table of the critical values to find the z—values
such that P(Z > -z =0.1 and P(Z > z5;) =0.05

z,=—-1.2816 z,="16449
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Step 3¢ Substitute the z—values into the formula =z = T-» ,

o Your notes
® @

49846 = '12_O_‘£ 1.6449 = 40%

Step 4: Solve the equations to find p and O
@ —> 128160 =12 - M
@ —>  1.64490 =40 — M (subtract)

—-2.92650 =-28
0 =9.5677
Substitute into @ for p:
-1.2816 (9.5677..1=12 — M
M =12 + 1.2816 (9.5677...)
=24.2620...

M =24.3 mins (3.s.f.)
O =9.57 mins (3.s.f.)

o

Examiner Tips and Tricks

= These questions are normally givenin context so make sure you identify the key
words in the question. Check whetheryourz-values are positive or negative and
be careful with signs whenrearranging.
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