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Discrete Probability Distributions 4

Your notes

Discrete Random Variables

Whatis a discrete random variable?
= Arandom variable is a variable whose value depends on the outcome of arandom event

= Thevalue of the random variable is not known until the eventis carried out (this is
whatis meant by 'random’in this case)

= Random variables are denoted using upper case letters (X, Y, etc)

= Particular outcomes of the event are denoted using lower case letters (x, y, etc)
. P(X= X) means "the probability of the random variable X taking the value X"

= Adiscrete random variable (often abbreviated to DRV) can only take certain values
within a set

= Discrete random variables usually count something

= Discreterandom variables usually can only take a finite number of values butitis
possible thatit can take an infinite number of values (see the examples below)

= Examples of discrete random variablesinclude:

= The number of times a coinlands on heads when flipped 20 times
(this has a finite number of outcomes: 0,1,2,...,20)

= The number of emails a managerreceives within an hour
(this has aninfinite number of outcomes: 1,2,3,...)

= Thenumberof times adiceisrolleduntilitlandsonaé
(this has aninfinite number of outcomes: 1,2,3,...)

= Thenumberonabingo ballwhen oneis drawn atrandom
(this has a finite number of outcomes: 1,2,3...,90)

Probability Distributions (Discrete)
What is a probability distribution?

= Adiscrete probability distribution fully describes all the values that a discrete random
variable can take along with their associated probabilities

= Thiscanbe givenin a table (similarto GCSE)
= QOritcanbe givenas afunction (called a probability mass function)

= They canberepresented by vertical line graphs (the possible values for along the
horizontal axis and the probability on the vertical axis)

= The sum of the probabilities of all the values of a discrete random variableis 1
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= Thisisusually written ZP(X = x) = 1 ,

= Adiscrete uniform distribution is one where the random variable takes a finite number Your notes
of values each with an equal probability

1
= |fthere are nvalues then the probability of each oneis —
n
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Cumulative Probabilities (Discrete)

How do | calculate probabilities using a discrete probability
distribution?

= Forprobability distributions that take a small number of values start by drawing a table
to represent the probability distribution

= |f the distributionis given as a function then find each probability

= |f any probabilities are unknown then use algebra to represent them
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= Form anequationusing ZP(X= X) =1 ,
= Tofind P(X =k) Your notes

= |fkisapossible value of the random variable X then P(X = k) willbe giveninthe
table

= If kisnota possible value then P(X =k) =0

What is the cumulative distribution function?

= The cumulative distribution function, denoted F(X) ,is the probability that the random
variable takes a value less than orequal to x.

« F(x)=P(X<x)
= Youmay be asked to draw a table for the cumulative distribution function

= Thiswill be similar to a probability distribution function but instead the bottom row
will be F(x) instead of P(X = x)

How do | calculate cumulative probabilities?
= Tofind P(XS X) (equivalently F(x))

= |dentify all possible values, X that X can take which satisfy X, <k

= Addtogetherall their corresponding probabilities

- P(X<k)= 2 P(X=x)

x.<k
1

= Using a similarmethod you canfind P(X < k), P(X > k) and P(X > k)

= Asallthe probabilities add up to 1you can form the following equivalent equations:
» P(X<k)+P(X=k)+P(X>k)=1
» P(X>k)=1-P(X<k)
» P(X2k)=1-P(X<k)

= To calculate more complicated probabilities such as P(X2 < 4)

= |dentify which values of the random variable satisfy the inequality or eventin the
brackets

= Addtogetherthe corresponding probabilities
How do | know which inequality to use?
» P(X < k)would be used for phrases such as:
= Atmostk, no greaterthank, etc

" P(X< k)would be used for phrases such as:
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= Fewerthank ,

= P(X > k)would be used for phrases such as: Your notes

» Atleastk ,nofewerthank, etc

» P(X > k)would be used for phrases such as:

= Greaterthank, etc

o

Worked Example

The probability distribution of the discrete random variable X is given by the function

kx? x=-3,-1.24

X = =
gt x) 0 otherwise

1
Showthat k = —.
(a) Show tha 30

(b) Calculate F(3)

(c) Calculate P(X2 < 5).

Answer:

a) Construct a table

X =31 -1| 2| 4

P(X=x)| 8k | k | 4k |16k

Substitute in the values of x
e.g. P(X= —3)=k(-3)%2 =0k

The probabilities add up to 1
Ok + k + 4k + 16k =1
30k =1
/]

k=or
30
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b)  Substitute k into the probabilities ,

Your notes

P(X=x)| = | 5~

F(3) means P(X < 3)

X<3:X=-3-12
P(X £ 3)=P(X=-3) + P(X=-1 + P(X=2)

-3 1,2
10 30 15
F3)= L
15
. 8 _7
Note: 1 — 5 15

c) X2 <5 for X=-1, 2
P(X2 < B)=P(X= -1 + P(X=2)

1,2

30 15

P(X2< 5) = &
6

=

Examiner Tips and Tricks

= Trytodraw atableif there are a finite number of values that the discrete random
variable cantake

= When finding a probability, it will sometimes be quicker to subtract the
probabilities of the unwanted values from Trather than adding together the
probabilities of the wanted values

= Always make sure that the probabilities are between O and 1, and that they add up
tol!
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E(X) & Var(X) (Discrete) ,

Your notes
E(X) & Var(X) (Discrete)

What does E(X) mean and how do | calculate E(X)?
= E(X) means the expected value or the mean of arandom variable X

= Foradiscreterandomvariable, itis calculated by:
= Multiplying each value of X withits corresponding probability

= Addingallthese terms together
>xP(X=x)

= | ook out forsymmetrical distributions (where the values of X are symmetrical and their
probabilities are symmetrical) as the mean of these is the same as the median

= Forexampleif X cantake the values1, 5, 9 with probabilities 0.3,0.4,0.3
respectively then by symmetry the meanwould be 5

How dol calculate E(X2)?
= E(X2) means the expected value or the mean of arandom variable defined as X2
= Foradiscreterandomvariable, itis calculated by:
= Squaring eachvalue of X to get the values of X?
= Multiplying each value of X2 with its corresponding probability
= Addingall these terms together
2x?P(X =x)
= |nasimilarway E(f(x)) can be calculated for a discrete random variable by:
= Applying the function f to each value of to get the values of f(X)
= Multiplying each value of f(X) with its corresponding probability

= Addingall these terms together

2(x) P(X=x)
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x|c||b|c ,

P(X=x)| b ’ q ’ - Your notes

E(X)=ap+bg+ecr

E(X*) = a?p + b2q + ¢r

R gl
=a*y e

1
=%

P(X = x) | 05 | 0.1 ’ 0.4

E(X) = (=2)0.5) + (3X0.1) + (5)(0.4)

E(X) = (=2)%(0.5) + (3*10.1) + (5°)(0.4)

1 1

E(%) = (— 5)(0.5) + (5)(0.4) MG

5 (0.4)

Is E(X2) equal to (E(X))2?
= Definitely not!
= They are only equalif X can take only one value with probability 1

= if this was the case it would no longerbe arandom variable

E(X2)is the mean of the values of X2

= (E(X))2is the square of the mean of the values of X

To see the difference
= |magine arandom variable X that can only take the values 1and -1with equal chance
= The meanwould be O so the square of the mean would also be O

= Thesquare values would be 1and 1so the mean of the squares would also be 1

In general E(f(X)) does not equal f(E(X)) where fis a function

1
= Soif youwanted to find something like E(—) thenyou would have to use the
X

definition and calculate:
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Z%P(X=x)

What does Var(X) mean and how do | calculate Var(X)?
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Var(X) means the variance of arandom variable X

Forany random variable this can be calculated using the formula
2
E(X ") - (E(X))?
This is the mean of the squares of X minus the square of the mean of X
= Compare this to the definition of the variance of a set of data
Var(X) is always positive

The standard deviation of arandom variable Xis the square root of Var(X)

o

Worked Example

The discrete random variable X has the probability distribution shown in the
following table:

X 2 3 5 7
P(X=x) 0.1 0.3 0.2 0.4
(a) Find the value of E(X)
(b) Find the value of E(Xz) .

() Find the value of Var(X) .

Answer:
a) Use the formula "E(x) = ZxP(X = x)"
E(x) = (20(0.1) + (3)(0.3) + (5)1(0.2) + (7)(0.4)
E(x)= 4.9

4

Your notes

9
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b) Use the formula "EG®) = IxP(X = x)* ,
E(x?) = (22)(0.1) + (3(0.3) + (59(0.2) + (75(0.4)

Your notes
E(x2) =27.7
c) Use the formula "Var(x) = E(x?) — (E(x))>"

Var(x) = 27.7 - 4.9°
Var(x) = 3.69

\

(

Examiner Tips and Tricks
= Checkif youranswer makes sense. The mean should fit within the range of the
values of X.
\
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aX+b /

Your notes

aX+b

How are the mean and variance of X related to the mean and
varianceofaX +b?

= |faandb are constants then the following results are true
» E(aX+b)=aE(X)+b
= Var(aX+b)=a2Var(X)

= Note thatthe meanis affected by multiplication and addition whereas addition does not
change the variance

= The factorof a2 includes the squared because the values of X are squaredin the
calculation

= You could try and use the first result and the formula for variance to verify the second
result

= Rememberasubtraction canbe written as an addition
= X-bcanbewrittenas X+ (-b)
= Anddivision canbe written as a multiplication

X
= —canbewrittenas — X
a a

o

Worked Example
X isarandom variable such that E(X) =5 and Var(X) =4

Find the value of
OWE(GBX+5)

(i) Var(3X +5)
(i) Var(2 — X)

Answer:
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(i)

(i1

(iii)
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Use "E(aX + b) = aE(X) + b"
E(3X+5) =3EX)+5

=30B)+5
E(3X+5)=20

Use "Var(aX + b) = a®*Var(X)"

Var(3X + 5) = 3*Var(x)
= 9(4)
Var(3X —5)=36

Rewrite in form aX+b
2-X=(-NX~+2

Var((—=NX + 2) = (—=1*Var(X)

=1(4)
Var(2 - X) =4

s

Your notes
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Discrete Uniform Distribution /

Your notes

Discrete Uniform Distribution

What is a discrete uniform distribution?

Adiscrete uniform distributionis a discrete probability distribution
The discrete random variable X follows a discrete uniform distribution if
= There are a finite number of distinct outcomes (n)

= Eachoutcomeis equally likely
1
If there are ndistinct outcomes, P(X = x) = —
n
Inmany cases the outcomes of X are theintegers 1,2, 3, ..,n
1
» P(X=x)= ; forn=1,2,3,...,n

= Oforanyothervalue of X

The distribution can be represented visually using a vertical line graph where the lines
have equal heights

x)

P(X

What is the mean and variance of a discrete uniform
distribution?

If the outcomes of X are theintegers1,2, 3, ..,n

n+1

= The expected value (mean)is

n2-1
12

= Thevarianceis

= Squarerootto getthe standard deviation
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= Thediscrete uniform distributionis symmetrical so the medianis the same as the mean ,

= Thereisnomode as each value is equally likely Your notes

Do the outcomes havetobe1ton?
= Thenumbers canbe anything aslong as they are equally likely
= The formulae forthe mean and variance only apply when the values are the integers1ton

= [f the outcomes form an arithmetic sequence then the distribution can be transformed
to the distribution with the values1ton

= |f Xis the discrete uniform distribution using1to nand Y'is a discrete uniform distribution
whose outcomes form an arithmetic sequence then:

= Y=aX+b

= Youcanthenuse this formula to find the mean and variance
= E(Y)=aE(X)+b
= Var(Y) = azVar(X)

= Forexample: Y=2,5,8,11canbe transformedtoX=1,2,3,4using Y =3X-1

What can be modelled using a discrete uniform distribution?
= Anything which satisfies the two conditions
= finite distinct outcomes and all equally likely
= Forexample, let R be the second digit of anumber given by arandom number generator
= Thereare 10 distinct outcomes: 0,1,2,...,9

= Asitisarandom numberthen eachvalueis equally likely to be the second digit

What can not be modelled using a discrete uniform
distribution?

= Anything where the number of outcomes is infinite
= The numberobtained when a personis asked to write down any integer
= Anything where the outcomes are not equally likely

= The number obtained when one of the first 5 Fibonaccinumbersis randomly
selected

= 1,1,2,3,5

= Jappears twice sois more likely to be picked than the rest

o

Worked Example
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@ Find E(T).
(o) Find Var(T).

a)  Use E(aX + bl=aE(X) + b

Answer:
Find a formula linking X and T
X
1 X2 -1
2 X2 -1
3 X2 -1
n
T=2X -1
Find the value of n
99=2h - 1
n=>50

Each odd numberfrom1to 99is written on anindividual tile and one is chosen at ,
random. The random variable T represents the number onthe chosentile.

Your notes

Let X be the discrete uniform distribution with outcomes 1 to n

You could also use
Un=a + (h—-1d
for the arithmetic
sequence

E(T)=2E(X) — 1
\_/Ne Find E (X) using

+ 1

50 + 1

=2
2

-1

E(T)=50

b) Use Var (aX + b)=a2Var (X)

Var (T) = 22 Var (X

Find Var (X) using P2 =1
12

2 _
4 (201
12
Var (T) =833
\
(
Examiner Tips and Tricks
100 thenamean of 101is not possible!

L
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= Always check your mean and variance makes sense. If the numbers go from1to
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