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General Binomial Expansion

General binomial expansion

What s the general binomial expansion?

= The binomial expansion applies for positive integers,ne N

= The general binomial expansion applies to other types of powers too

THE GENERAL BINOMIAL THEOREM

n(n—’l)xz I n(n—1)(n—2)x3+

2| 3!
FOR neR AND |xI<1

1+x)"=1+nx +

#Fjsavemyexams

= The general binomial expansion applies for allreal numbers, ner
= Usually fractional and/or negative values of nare used
= |tisderivedfrom(a +b)", witha=Tandb =x

= a=Tlisthemainreasonthe expansion canbe reduced so much

CONVERGENCE

nin=1 .2, nln=Nn=-2) ,
5 X+ =l X+ ...

A+x)" =14 nx +

Ix1<4

&ETHE SIZE OF x IS LESS THAN 1

WILL BE CLOSE TO O

SO RAISED TO A HIGH POWER

#F)savemyexams

= UnlessneN, the expansionisinfinitely long

= |tisonlyvalidfor|x]| <1

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com

4

Your notes

2


https://www.savemyexams.com/?utm_source=pdf

= Thisis anotherway of writing-T<x <1 ,

= Thisis often called the validity statement Your notes
= Therestriction |x] < 1means the series will converge

= Higherpowers of x canbeignored (asr— «,x"— 0)

= Only the first few terms of an expansion are needed

How do | apply the general binomial expansion?

STEP1 Write the expressioninthe form (1 + x)"
STEP2 Expand and simplify

Use aline for each term to make things easier to read and follow
Use brackets - fractions and negatives get ugly!

STEP 3 Ifrequired, check and state the validity statement

1
e.g. (1+x)
7 1 jA_q=_21
(14+x)* = 1+(5)(x) /E CAREN 3-1=-3
F-D
+ (x)
21=2 2
USE SEPARATE
G- LINES & BRACKETS
. —e TO KEEP WORKING
6 CLEAR
T o
1
W (X =1+ %x - %xz + 4"—6x3 + ... Ixl1<1

iT IS RARE TO GO BEYOND x?

#)savemyexams

How do | use the general binomial expansion to
expand (1+bx)-?

STEP1 Write the expressionin the form (1 + bx)"
STEP2 Replace “x” by “bx” in the expansion

Check carefully to seeif bis negative
STEP 3 Expand and simplify
Use aline foreach term to make things easier to read and follow

Use brackets
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STEP4 Ifrequired, check and state the validity statement ,
The validity statement changes

Your notes
Replace “x” with “bx” so now |bx| <1

eg. FIND THE FIRST THREE TERMS IN THE

EXPANSION OF —.

1-x
WRITE IN THE
FORM (1+bx)"
1 -1
STEP 4 = =t-x"
—X
REPLACE *x"
STEP 2 = dr o< E WITH =
1,3
=351=3)
+ —22—2(—><)2 P ac
STEP 3: EXPAND AND
SIMPLIFY
41)( =1+%x+%xz+...

#Fsavemyexams

e.g. FOR WHICH VALUES OF x IS THE EXPANSION

tl
OF VALID?
N1—x

1 3
STEP 4: = 1=x)
A1=x REPLACE *x
VALID WHEN [—xI<1 WITH *—x

< VALID WHEN [|x|<1

#Fsavemyexams

o

Worked Example
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4

Your notes
? (a) Find, up to the term in X%, in ascending powers of x,

3

the expansion of —
(1 bl EX)Z

(b) Write down the values of x for which the expansion

in part (a) is valid.

5 . WRITE IN THE
o STEP 4 5— =301-3x) FORM  (1+bxI"
(1-Zx)

STEP 2: REPLACE "x* WITH "—%x"

31+(-2)-Zx) + #{-%xf +]

. _ A, A2
STEP 3+ =301+ 3x+3x"+..) EXPAND AND
SIMPLIFY
. 3 — & B+4x+4x?
(1-Zx)
#Fsavemyexams
2
b STEP 4 -2xI<1 REPLACE *x* WITH "-%x’
oxi<3
#Fsavemyexams
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Subtleties of the General Binomial Expansion /
Your notes

Subtleties of the general binomial
expansion

What s the general binomial expansion?

= The binomial expansion applies for positive integers,ne N

= The general binomial expansion applies to other types of powers too

THE GENERAL BINOMIAL THEOREM

1+x)" =1+ nx + “(”27'”% + ”(“_?l(”_mﬁ + ..

FOR nelR AND IxI<1

#F)savemyexams

= The general binomial expansion applies for allreal numbers,ne R

= Usually fractional and/or negative values of nare used

Itis derived from(a + b)", witha=Tandb = x

= Evenwhena#1the general binomial expansion can stillbe used

How do | use the general binomial expansion to
expand (a+kx)"?

The general binomial expansion can be applied to expanding (a + kx)"

STEP1 Rewrite the questioninto (1+ bx)" form
= Roots are fractional powers
= Denominators are negative powers
= Afactormaybeneededtomake “a=1
STEP2 Replace “x” by “bx” in the expansion

Check carefully to seeif bis negative
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STEP 3  Expand and simplify ,

Use aline for each term to make things easier to read and follow Your notes
Use brackets

STEP4 Ifrequired, check and state the validity statement, |bx] <1

e.g. FIND THE FIRST 3 TERMS IN THE EXPANSION OF
(3+2x)* AND STATE THE VALUES OF x FOR
WHICH 1T 1S VALID.

STEP 1 (3+2x™* = [311+5x1™

T Sx < ,E(be)" FORM

I

STEP 2: = 4 M —aEx+ R Ex"+ L]
\E REPLACE *x* WITH "-$x"
STEP 3: = g1-Ex+ P+ [ExPAND AND
SIMPLIFY
(342%™ & 37~ 243 % + 795"
STEP 4: 15xI<1
“Ibxl<1®

3
|>-(|<2

#)savemyexams

o

Worked Example
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4

Your notes

? (a) Find, up to the term in x?, in ascending powers of x,
the expansion of -
V8 —3x
(b) Write down the values of x for which the expansion
in part (a) is valid.
_1
A STEP 4 — = (8-3d REWRITE IN
8=3x =[8(1— ﬁx)]'% (“1+bx)" FORM
gt N
=83 (1-5x)
REPLACE “x* WITH “—3
4
/—E CARE! -3 -1=-%
14
1 1,3 C3C3 3
STEP 2 =gz U+ 350+ — - 3xF
. -4 Ay v+ Ax2
STEP 3 S+ gX +55%" + ) EXPAND AND
4 L , SIMPLIFY
oo X X
53 2 16 64
@savemyexams
by  STEP 4 I-%xl <1 "lhxl< 1"
Ixi<2
@savemyexams
L
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Multiple General Binomial Expansions /
Your notes

Multiple general binomial expansions

What s the general binomial expansion?

= The general binomial expansion, as givenin the formula booklet, is

nin=1 _2 nin—=N....(n—r+1)
P A P P

(1+x)" =1+ nx + xF +... (Ixi<1, neR)

#Fsave myexams

= |f ne N thenthe expansionis finite (see Binomial Expansion)
= Otherwise the expansionisinfinitely long
= Itisonlyvalidfor|x| <1(-1<x<71)

= Only the first few terms of an expansion are usually needed

What are multiple general binomial expansions?
= More than one part of an expression can be a binomial expansion
= These may sometimes be called compound expressions

= The expansion will only be valid for the lowest |x| boundary from all the expansions used

How do | expand multiple binomials?

STEP1 Breakthe expression downinto binomial expansions

STEP2 Expandeach binomialindividually, up to a suitable number of terms
= Be careful with negatives and fractions

= Use brackets as appropriate

STEP3  Collect the expansions together and simplify

= This could be expanding brackets, collecting like terms, etc

= |gnore any terms of degree higher than required

STEP 4  Checkthe validity of each binomial expansion

= Theoverallvalidity is the intersection (N)
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Your notes

COMPOUND EXPRESSIONS

AT
e.g. FIND THE BINOMIAL EXPANSION OF 7335, UP TO AND

INCLUDING THE TERM IN x® STATE THE VALUES OF x
FOR WHICH THE EXPANSION IS VALID.

1+x _ - »
3oy - HxP(342x) STEP 1: BREAK THE
EXPRESSION DOWN INTO
et = 1+ (D BINOMIAL EXPANSIONS
P

USE BRACKETS%—\ 2
Lty 3
il L

+ ...

STEP 2: EXPAND
EACH BINOMIAL
(3+2x)7" = 37+ S X INDIVIDUALLY

_A1 2
=3 [4+(—4)(3x)

(=1N(-2),2_ .2
+—T_(§X)
(= MN=2)=3) ,2 3
+—T_{§X)+]
1q_2 4.2_ 8 .3
_3['] 3x+gx 7,x+ 1
=4 25442 B3y
=39 27 31
14 x 1 1.2, 1 .3 1 2 4 .2 8
LT iU L SR LA RIe b L L
~ 1 _2 4 2 8.3
- T T A VR x* AND
1 1,2 2 .3 HIGHER
4+ =X — =X + ==X
STEP 3: EXPAND 6 9 27 IGNORED

BRACKETS IN —Ad e L3

ﬂx + 36)(
THE USUAL WAY
+ e SEPARATE LINES
3
KEEP IT TIDY
_1_ 1,1 31 3
=3~ 7% " 385 * e ”
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1
1+x =(1+x)7  IxI<1 STEP 4: CHECK /

(3+2x)7 =%(4+%x)" |%x|<4 |x|<% THE VALIDITY Your notes

- EXPANSION IS ONLY WVALID FOR Ix|<1

#)savemyexams
How do | use partial fractions to form multiple general
binomial expansions?

= Partial fractions allow rational expressions to be written in a form where the general
binomial expansion can then be applied
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Ox+10
(x+4)(3x—1)

UP TO AND INCLUDING THE TERM IN x?

e.g. FIND THE BINOMIAL EXPANSION OF

Your notes

ox+10 _ 2 . 3 WRITE AS
(x+4H)(3x-1)  x+4  3x—1 PARTIAL FRACTIONS
= 2(x+4)"+ 303x—1"" STEP 1: BREAK

EXPRESSION DOWN
INTO BINOMIAL

EXPANSIONS
20x+417"= 2(4+x)"

= 20471+ 0"

= St =50+ -0 + ERE G

N VR V- S
gX + 35%x% ...

I

1
2
1
2

STEP 2: EXPAND
EACH BINOMIAL

B A INDIVIDUALLY
33x—1"" = 3(=14+3x)
= 30=1""1-3x""1
= —3(1-3x)"= —3[1+(~1)(-3x) + ‘;“’2—“2 (—3x) +...1
=-3 -0Ox—27x2—...
Ox+10 11 12
G S T e ) STEP 3: COLLECT
3 Ox—2TxE — ) EXPANSIONS AND
SIMPLIFY
LINE UP "LIKE TERMS®
MAKES SIMPLIFYING
EASIER
#Fsavemyexams

= Validity isanimportant part of the general binomial expansion
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e.g. FOR WHICH WVALUES OF x IS THE EXPANSION OF Your notes
Ix+10
TV ?
(x+4)(3x—1 VALID?

EXPANSIONS USED ARE (1+4x)™" AND (1-3x)"

STEP 4:
CONSIDER VALIDITY
OF EXPANSIONS USED

SEPARATELY
('H'%X)_“ IS VALID FOR |%X|<4 Ixl<4
(“1-3x" IS VALID FOR I-3xl<1 IX|<4§
9x+10 1
EXPANSION OF T A B IS VALID FOR Ixl<z

STEP 4: THE INTERSECTION (N)
(OVERLAP) OF THE TWO
INEQUALITIES

#Fsavemyexams

o

Worked Example
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4

Your notes

? (a) Find, up to the term in x?, in ascending powers of x,
1 —x

)

the expansion of (———
14+ 2x

e

(b) Write down the values of x for which the expansion

in part (a) is valid.

STEP 1: WRITE AS BINOMIALS

’
1-x ?_ 1 1
N ('1+2x) = (1-x)7 (1+2x)73 Cx—
. -2
(1-x)3 =q+4§(_x)+ 3 - L
STEP 2: , .
=1-gx—gx+ ..
EXPAND 37X~ gX
INDIVIDUALLY
s 1 (_%)(_%) 2
(142x) 2 =1+ (=3 2x) + — 5= (2xT + ...
=1-2x+ 824
1
(44:2);)3 = (- Ex— g+ - 2x+ &P+ )
~ - 2x+ By
STEP 3: COLLECT ) i
2
EXPANSION “1x+ 2x
AND SIMPLIFY 1
o
4-x \3
X \F
('1+2x) & -X+X
#Fsavemyexams
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% 4

by (1-x)3 IS VALID FOR I-xl<1 Ixl<1 Your notes

i
3

(1+2x)% IS VALID FOR I2xI<1 IxI<%

EXPANSION IN PART a) IS VALID FOR IXI<%

STEP 4: CHECK THE INDIVIDUAL VALIDITIES
OVERALL IS THE INTERSECTION (M)

#Fsavemyexams
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Approximating Values using the Binomial Expansion /
Your notes

Approximating values using the binomial
expansion

What s the general binomial expansion?

= The general binomial expansion, as givenin the formula booklet, is

n(n—1) <2 nin—=1...(n—=r+1)

.
73 Fok X L (IxI<Y, neR)

(1+x)" =1+ nx +

#)save myexams

= |fneNthenthe expansionis finite (see Binomial Expansion)
= Otherwise the expansionisinfinitely long
= [tisonlyvalidfor|x] <T(-1<x<71)

= Only the first few terms of an expansion are usually needed

How do | use a binomial expansion to approximate a
value?

1
2 Ay A2 A
eg. (1=xF=1-5X—-gX —35X —.. IxI<4

SINCE [xI<1 x*, x5 etc
WILL BE VERY SMALL

#jsavemyexams

= [gnoring higher powers of x leads to an approximation
= The more terms the closer the approximationis to the true value

= Formost purposes, squared or cubed terms are accurate enough

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com
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e USE THE FIRST THREE TERMS OF THE ,
1
BINOMIAL EXPANSION OF (1-x)2 TO Yournotes
FIND AN APPROXIMATION TO +0.96

Pti SQUARE ROOT
1
STEP 1 (-x)% = (0.96)2 IS POWER 3

COMPARE
STEP 2: 1-x=0.96 SOLVE EQUATION
x=0.04 TO FIND x

STEP 3: 1-3(0.04)- (0,047 | SUBSTITUTE x INTO
THE EXPANSION

= 0.9798

WRITE DOWN ALL DIGITS ‘ﬂ]

#Fsavemyexams

STEP 1 Compare the value you are approximating to (a + bx)"

STEP 2 Solve the appropriate equation to find the value of x

STEP 3 Substitute this value of x into the expansion to find the approximation
p

=

Examiner Tips and Tricks

= Youcangetagoodideaif yourapproximationis correct by working out the “real”
answer using your calculator.
= Sometimesithelpsto factorise out anumberbefore approximating

- J710=10{/7.1
/)

Worked Example
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expansion of m
(b)
approximate \yg
©
for approximating m

Find, up to the term including x?,

Use your expansion from part (a) to

Explain why your expansion would not be suitable

4

Your notes
the binomial

1, SaveMyExams © 2026 Save My Exams, Ltd.

VE1-0x' ® 3-75%X— 315

1.2
(—gx) +...1

a) BT 0% = B1-0x)*
- 1t (4—1§x)‘1T
= 311+ (F)-Fx)
. -3
2
R 31— 5%~ garX)

X2

#Fsavemyexams
by STEP 4 ¥B1-9x = 485 COMPARE
STEP 2: 81-9x = 85
Ox = —4
x=—4 | SOLVE TO FIND x|
STEP 3+ 4B1-ox ~ 3-S5 8 -8
=3.036351166 SUBSTITUTE INTO
EXPANSION
#Fsavemyexams

Get more and ace your exams at savemyexams.com
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o 4g1-ox' = N7 THIS IS A WELL HIDDEN ,

1—0x = 171 QUESTION ABOUT VALIDITY! Your notes
9x =-90
x=-"10

EXPANSION IS ONLY WVALID FOR I—%xl<’]

Ix|1<9

EXPANSION IS NOT VALID WHEN x=-10
AND SO %171 CANNOT BE APPROXIMATED

#Fsavemyexams
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