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Exponential & Logarithms
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3 Derivatives of Exponential Functions
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Your notes

e

Whatis the number "e" inmaths?

= ejsanirrational number, sometimes called Euler's number

= e=2.718
How do|sketchy = e?
y
y=3"__
y=¢€ Y=2x
0 “x

= Asotherexponential graphsdo,y = e*
= passesthrough(O,1)

= hasthex-axis as anasymptote

What s the special property of "e"?
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y=e* Your notes
| | | | X
0
-2 — 1 2

X y dy /dx

-1 0.3678... 0.3678...

0 1 1

1 2.7182... 2.7482...

2 7.3890... 7.3890...

=y =eXhasthe particularproperty
= dy/dx = eX
= jeforeveryrealnumberx, the gradient of y = eXis also equal to eX

(see Derivatives of Exponential Functions)

How dolsketchy = e~?
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Your notes

= y=eXjsareflectioninthey-axisofy =eX
= Theyare of the formy = f(x) andy = f(-x)

(see Transformations of Functions - Reflections)

What is exponential growth and decay?
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EXPONENTIAL GROWTH

Your notes
y
y=Ae*

A_

O X

EXPONENTIAL DECAY

y

A_
y=Ae™*
O X

my= Ae* (k > 0) is exponential growth
" y= Ae™™ (k> 0)is exponential decay
= Aistheinitial value

= Kkisa(usually positive) constant

“ o«

isusedinthe equation making clear whetheritis growth or decay

o

Worked Example
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9 (a) On the same diagram sketch the graphs of
®

(b) On the same diagram sketch the graphs of

H y=e
(ii) y=e™
@H y=e™
(i) y=e ™

4

Your notes

1, SaveMyExams

a) (i) & (i)

AXIS
INTERCEPT

(0K}

y=e>* WILL
BE STEEPER

/D

ASYMPTOTE
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Your notes

b)Y () & (D)
y
Tl
y=e7 reE
BOTH NEGATIVE
EXPONENTIAL GRAPHS
(OX)]
0 X
(#Fsavemyexams
\
lllnll
Whatis Inx?

= Inisafunctionthat stands for naturallogarithm

= |tisalogarithmwhere the baseis the constant "e"

= Inx= logex

= [tisimportant torememberthatlnis afunction and not a number

What properties of Inx do I need to know?

= Using the definition of alogarithm you can see
= In1=0
» Ine=1
= IneX=x
= Inxis only defined for positive x

= Aslinisalogarithmyou canuse the laws of logarithms

« Ina+1Inb=1In(ab)

= In a—lnb=ln(§)

« nlna=In(a")
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= Anylogarithm can be writtenin terms of the natural logarithm using the change of base ,
formula
Your notes

_Inb
- log b= Tna

How do | solve equations involving ex & In x?

= The functions € and In X areinverses of each other
- fefld) = g(x) then f(x) = In g(x)
« ifln f(x)= g(x) then £(x) = eg(x)
= |f yourequationinvolves "e"thentry to get all the "e" terms on one side
= |[f"e"terms are multiplied, you can add the powers
X Xey=eXty

= You canthenapplyIntoboth sides of the equation

= |f"e"termsare added, try transforming the equation with a substitution

» Forexample:If y = €X then €¥¥ = y#
= You canthen solve theresulting equation (usually a quadratic)
= Onceyou solve forythen solve for x using the substitution formula
= |fyourequationinvolves"In", try to combine all "In" terms together
= Use thelaws of logarithms to combine terms into a single term

= |fyouhave In f(X) =1n g(X) thensolve f(X) = g(X)

= |fyouhave In f(X) = k thensolve f(X) = ek

o

Worked Example
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9 Solve the following equations. Give your answers in exact form. Your notes
@
(a) e3x¥+2 — gpx-3

(b) In(8x) — In(x + 4) = 2.

a)  COLLECT THE ‘*e* TERMS ON ONE SIDE: ;-5 =5

SIMPLIFY USING INDEX LAWS: e2<+5 =5 (B 4+ 2 = oz = &l

APPLY NATURAL log TO BOTH SIDES: tnfe2*+5) = In5
USE In(ef™®) = f(x) 2x + 5 In5
REARRANGE FOR x -5 + In5)

WRITE '”T" AS —1nd M /\_FWRWE Ina + k

as k + Ina
b) COMBINE "In" USING LAWS OF LOGARITHMS: In xi—x4 =2

+ 4
REARRANGE FOR x: 8x = e?x + 4e

THE INVERSE OF In(x) IS e*: XBX =e?

2) COLLECT x TERMS

L a2y — Ap2
FACTORISE OUT THE x| 8x —e*x =4e” | ON ONE SIDE
(8 — e?)x = 4e?
"= 4e?
8 —e?
\
(
Examiner Tips and Tricks
= Always simplify your answer if you can
1
= forexample, Eln 25 =1n A/ 25=In5
= youwouldn'tleave yourfinalansweras 1/ 25 so don'tleave your final answer
: In 25
s~ In
2
L
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Derivatives of Exponential Functions ,
Your notes

Derivatives of exponential functions

What is the derivative of ex?
= y=e*hasthe particular property that

& _

=eX
dx

= j.e.foreveryrealnumberx, the gradient of y = eXis also equal to e*(see Derivatives of
Exponential Functions)

y
y=¢"
T T | | X
-2 -1 0 1 2

-1 0.3678... 0.3678...
0 al 1

1 2.7182... 2.7182...
2 7.3890... 7.3890...

= e=2.718 (see"e")
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= Recallthat the derivative is the gradient function for a curve (see First Principles ,

Differentiation)
Your notes

Whatis the derivative of y = exand y=e-~?

Y= e—kx y= ekx

(k>0) (k>0)

= Thederivative of y = e"Xis

. — = lakx
ix ke

= The derivative of y = e™¥*is

dy
. — = = —kx
ix ke

=

Examiner Tips and Tricks

= Rememberthat (like 1) eis a number.
= Exam questions can ask foranswers to be given as exact valuesin terms of e (see

the Worked Example below).

o

Worked Example
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Your notes
9 Find, in terms of ¢, the gradientatx = 3 for each
5
of the following functions ...
(@ y=e'
(b) y=e>
(@ y=e™
(d) y = 3e™
(&) y="5e"
x dy _
a y=¢ dx °©
AT x=3, dy =e
dx
dy _
dx
FINAL ANSWER
IN TERMS OF e
@savemyexams
b) y=85x g_: =5gbx
cdi_y = ke
AT x=3, P _ges 4
! dx
d_y__ 15
v 5¢
#Fsavemyexams
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dy & * ,

c) y=¢e>* ===
dx Your notes
AT x=3, %——eﬂ
X
d_y —_ _ega — _i
dx T8
NOT ESSENTIAL
#Fsavemyexams
d
d  y=3e* - =6e> j_;’ = ke®*
o 3 1S A CONSTANT
= X o° SO IS MULTIPLIED BY k
dy _
dx Ge
@Fsavemyexams
dy
— —4x — —_ —4x
e) y=Dbe > 20e dy _ e
—— =—ke
dx
AT x=3, & ppews 5 IS A CONSTANT
j—i =-20e"?
#Fsavemyexams
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