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Integrating Other Functions 4

Your notes

Integrating other functions

Isintegration the reverse of differentiation?
= Yes, butremember “+c”, the constant of integration ...
= . unless finding a definite integral

= Recognising common results helps to make integration easier (See Differentiating Other
Functions)

Y= ekx :_: =k kx
y = lnkx j%: = 4;
“—E NOTE: NO k
y = sinx j—: =COsSX
y = cOSX j—: = —sinX
y = tdnx j—i = sec®x

How do lintegrate exand e~?

g‘e"dx =e"+c

¢ IS THE CONSTANT
OF INTEGRATION

= The gradient of ek%is kekx
= jey=ekx dy/dx = kekx

= Thereverse applies whenintegrating
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= Thisis anexample of reverse chainrule /

Your notes

Ske""dx = k@

How dolintegrating 1/x?

{Ldx = tnixl + ¢
A

MODULUS OF x
x>0 IN lnx BUT NOT IN =

1

= Remember— = x|
X

= The method forintegrating powers does not apply if the poweris -1

How dolintegrating sin x and cos x?

ysinx dx = —cosx + ¢

~((;osx dx = sinx + ¢

= Note the minusinthe integral of sin x

How dolintegrate tanx?

= Theintegralof tanxisIn|sec x| + ¢

o

Examiner Tips and Tricks

p

= Make sure you have a copy of the formula booklet during revision but don't try to
remember everythingin the formula booklet.
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= However, do be familiar with the layout of the formula booklet - you'llbe able to ,
locate quickly whatever you are after, and you do not want to be searching every
line of every page! Your notes
= Forformulae you think you have remembered, use the booklet to double-check.

o

Worked Example
? Find the following integrals
(a) 3¢ dx
g 1
(b) —dx
J_g X
(© sinx dx
a) §3e3"dx =e*+c
IN THE FORM ke
@savemyexams
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s

Your notes

THE SYMMETRY OF
THE GRAPH SHOWS
THESE ARE EQUAL

= Ln6 — In3

— 6
= I.n§

In2

#Fsavemyexams

c) Ssinx dx = —cosx +c¢

BEWARE OF THE MINUS!

#Fsavemyexams
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Reverse Chain Rule

Reverse chainrule

Whatis the chainrule?

= The ChainRuleis a way of differentiating two (or more) functions

FOR y=f(u), WHERE u=g(x)

dy _ dv  du

dx ~ du dx

= |Inmany simple cases the above formula/substitution is not needed

1.y =3x) :—i = 5(3x)*x3
% = 15(3x)*
2. y=¢" :T)Z:es"XS
ALSO FROM L 5e*
e s kekx dx
3. y =sin*2x ﬁ = 4sin®2x x cos2x x 2
d
ﬁ = Bcos2x sinf2x

CHAIN RULE
APPLIED TWICE

= The same canapply forthe reverse - integration

How dolintegrate using the reverse chainrule?
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Your notes
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4

1. §3cos3x dx =sin3x +¢
Your notes

d Mein3sl=
™ [sin3x] = 3cos3x
BY CHAIN RULE

2. S.Ses"dx =e¥*+c

i 8 | = Bx
dx[e] e

3. [1002x + 0'dx = 2x + 10" + ¢

L [2x+ 7] = 5(2x+ <2
= 1002x+1*

= |nmore awkward cases it can help to write the numbers in before integrating
= STEP1: Spot the ‘main’ function
= STEP 2:‘Adjust’ and ‘compensate’ any numbers/constants requiredin the integral

= STEP 3:Integrate and simplify

1. S.cos 3xdx

STEP 1: SPOT THE "MAIN" FUNCTION

cos — WHICH WOULD COME FROM sin
@)

o ©
CHAIN RULE SAYS TO MULTIPLY BY THE
DERIVATIVE OF 3x, WHICH IS 3

THERE 1S NO 3 IN THE INTEGRAL SO | NEED
TO ADJUST AND COMPENSATE FOR IT
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o

o

Worked Example

1, SaveMyExams

STEP 2: "ADJUST® AND "COMPENSATE® ANY ,
NUMBERS REQUIRED IN THE INTEGRAL Your notes

= %53cos3x dx

3cos3x IS WHAT I'D EXPECT TO SEE FROM
DIFFERENTIATING sin3x USING CHAIN RULE

STEP 3: INTEGRATE AND SIMPLIFY

1

= §sin3x +c

Examiner Tips and Tricks

= |findoubtyou can always use a substitution.

= Differentiationis easier thanintegration so if stuck try the opposite, eg. sinand
cos are linked (remember that minus!) so if integrating a sin function, start by
differentiating the corresponding cos function.

= | astly, checkyour final answer by differentiating it.

© 2026 Save My Exams, Ltd.
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4

Your notes
, Find the following integrals
o -

(@) |[cos3xdx

(b) | 5S¢ dx

(©) (2x +5)% dx

a) gcos3x dx

STEP 4: cos IS THE MAIN FUNCTION

STEP 2: «"ADJUST": 3
- "COMPENSATE": %

= %S3cos3x dx

=’]_sm3x +c STEP 3: 3cos3x IS THE
3 DIFFERENTIAL OF sin3x

BY CHAIN RULE

@savemyexams

by [5e™dx

STEP 4: &% IS THE MAIN FUNCTION

=51 (B dx

CONSTANT 3’ STEP 2: - "ADJUST™: 6

- "COMPENSATE": £

56x

=>2e +c
6
\ESTEP 3 d1em1=6em

@savemyexams
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{(2x + 5Vdx ‘,

c)
Your notes

STEP 4: (..)° IS THE MAIN FUNCTION

- 1_%{42 (2x+ 5 dx

STEP 2: -"ADJUST™ 4 FROM POWERS
2 FROM CHAIN RULE

- "COMPENSATE™ 7 AND

= %‘(2x+5)4+c

d

SIEERSS: &[(2x+5)4] = 4(2x +5°x2 = 8(2x + 5

@ savemyexams

° AFTER SOME PRACTICE, YOU MAY FIND
STEP 2 IS NOT NEEDED.

e BUT DO USE IT ON MORE AWKWARD
QUESTIONS.

°» ACCURACY IS THE MOST IMPORTANT
THING.

#Fsavemyexams
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Integrating f'(x)/f(x) /

Your notes
Integrating f'(x)/f(x)
How dolintegrate 1/x?

= Thetechnique forintegrating fractions depends on the type of fraction
= For polynomial denominators see Integration using Partial Fractions

dy 1

= If — = — theny=In|x| + c - seeIntegrating Other Functions
dx X

= Thetype of fraction dealt with here is a specific case of Reverse Chain Rule

ﬁ dy _ flx)
y=inflx =
dy 2
e.g. FIND dx WHEN vy = Ln(3x* +2)
dy 1
== x BX
dx = 3x?+2 #(x) BY
3_/ CHAIN RULE
f (x)
dy  6x /(x)
a - 3x24+2 f(x)

How do lintegrate f'(x)/f(x)?

THE TOP IS THE
DERIVATIVE
OF THE BOTTOM

(x
f(x)

-+

Q_lﬂ_
x |=<

= “Thetopis ‘almost’ the derivative of the bottom”
= 'almost' here meaning 'a multiple of' (see below)
= Theintegralwillinvolve In |f(x)] - ie In of the bottom

= Duetoreverse chainrule
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_ 3x2+2 ,

eg. I=\T35, Your notes
<11 FRACTION 1S
fix)
Fix) = 3x2 +2 OF FORM

I=1nIx*+2xl+¢

How do | adjust a fractioninto the form f'(x)/f(x)?

3
e.g. I=g 2x dx

5x4 -3
f(x) =5x4-3
(x) = 20x COEFFICIENTS CAN BE
"ADJUSTED® SO THIS IS
*ADJUST" AND OF THE FORM I
*COMPENSATE" o
; _ 1 (10x2x*
“ I=7 5x4—3 dx

1=,|4—0Ln|5x4—3|+c

= There may be coefficients to ‘adjust’ and ‘compensate’ for

o

Examiner Tips and Tricks

(

= |fyou're unsure if the fractionis of the form f’(x)/f(x), differentiate the
denominator.

= Compare this to the numerator but you canignore any coefficients.

= |f the coefficients do not match then ‘adjust’ and ‘compensate’ for them.

o

Worked Example
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s

Your notes

9 Show

[% sindx 1
d
(0]

—dx
1 + 2cosdx 8

Sl

5]

sin4x
1+ 2cos4x

—
Il
Rl e—— |

f(x) =1+ 2cosdx

f(x)=2x —sindx « 4
= —8sindx

IGNORING COEFFICIENTS, T IS

*ADJUST" AND o
"COMPENSATE" OF THE FORM —°~
2

—85|n4x
’l + 2cos 4x
?E
_ 1 2 “In OF
IT= |: 3 Ln}1 -I—2cos4><ﬂI TR
I= (——Ln|’l+2cos29T|) ( ln"l+2cosﬂT‘)
@ savemyexams
= ( Ln3) ( an)
=1 (an = Ln3)
SWAPPED TERMS SO
\k FIRST IS POSITIVE
1,2
I_ 8 l.ng
#Fsavemyexams

13
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Integrating with Trigonometric Identities /

Your notes

Integrating with trigonometric identities

What are trigonometric identities?

ESSENTIAL TRIGONOMETRIC
IDENTITIES

sin?x + cos?x =1

sinx
COSX

tanx =

= Some are giveninthe formulae booklet

= Besuretonote the difference between the £ and ¥ symbols!

sin (A £ B) = sinAcosB * cosAsinB

cos(A + B) = cosA cosB F sinAsinB

tanA * tanB

+ =
tan(A & B) = T A tanB

AiB#(k+%)3T)

sinA + sinB = ZsinA%B cosA—_B

2

sinA — sinB = ZCOSA%B sinA%B

cosA + cosB = 2cosA%B cos AEB

A-B
2

cosA — cosB = —2sin A;B sin

How do | know which trigonometric identities to use?
= Thereisnosetmethod
= Thisis a matter of experience, familiarity and recognition
= Practice as many questions as possible

= Be familiar with trigonometric functions that can be integrated easily
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= Befamiliarwithcommonidentities - especially squared terms

= sin?x, cos?x, tan?x, cosec?x, sec?x, cot?x all appearinidentities

SQUARED TRIGONOMETRIC
IDENTITIES

sin?x + cos?x =1

tan?x + 1 = sec?x

DIVIDE FIRST OFTEN QUOTED AS
IDENTITY BY cos®x sec?x = 1+ tan’x

2
1+ cot'x = cosec?x

OFTEN QUOTED AS DIVIDE FIRST
cosec’x = 1+ cot'x IDENTITY BY sin®x

A NONE OF THESE ARE IN THE FORMULA BOOKLET &

How do lintegrate tanzx, cot:x, seczxx and cosecx?

The integral of sec2x s tan x (+c)

= Thisis because the derivative of tan xis sec?x

2

The integral of cosec“xis -cot x (+c)

2

= Thisisbecause the derivative of cot xis -cosec*x

The integral of tan?x can be found by using the identity to rewrite tanx before
integrating:

s 1+tan?x=sec?x

The integral of cot?x can be found by using the identity to rewrite cot?x before
integrating:

= 1+cot?x=cosec?x

How do lintegrate expressions involving sinx and cos

x?

For functions of the form sinkx, cos kx ... see Integrating Other Functions

sin kx x cos kx can be integrated using the identity for sin 2A

4

Your notes
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= sin2A = 2sinAcosA

e.g.

= sin"kx cos kx or sin kx cos"kx can be integrated using reverse chain rule or substitution

Ssinx cosx dx

sin2A = 2sinAcosA

I

S%siandx

—ZxZ{-2sin2xdx

"ADJUST" AND
‘COMPENSATE"

—'}Icos2x +c

AN EQUIVALENT ANSWER CAN BE FOUND
USING THE FOLLOWING TECHNIQUE

= Notice noidentityisused here butitlooks as though there should be!

e.g. Ssinxcos3x dx
—_1 Asi 3
= — 1 [—4sinx cos®x dx REVERSE
CHAIN
“ADJUST" AND einx IS RULE
COMPENSATE DERIVATIVE
OF cosx

~ 1 costx +
geosx +c

Il

NOTICE NO IDENTITY USED
IN THIS QUESTION

* sinkxand cos?kx can be integrated by using the identity for cos 2A

= Forsin?A, cos2A=1-2sin?A

= Forcos?A, cos2A=2cos?A-1

1, SaveMyExams

4

Your notes

© 2026 Save My Exams, Ltd. Get more and ace your exams at savemyexams.com
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e.g. Ssinzx dx /

Your notes

cos2A =1 - 2sin?A
SO sin?A = %M A N

= (101~ cos2x)dx

g(% %cost)d
_([1_1,14
= g[i’f 3 2cos2x}}dx
_ A _ 14
= 5X—7 sin2x + ¢

How dolintegrate tan x?

gtanxdx = Inlsecx| + ¢

{tankxdx 1S IN THE
FORMULA BOOKLET

= Thisis astandardresult from the formulae booklet

How dolintegrate other expressions involving trig
functions?

= Theformulae bookletlists many standard trigonometric derivatives and integrals
= Checkboththe “Differentiation” and “Integration” sections

= Forintegrationusing the "Differentiation” formulae, remember that the integral of
f'(x)is f(x)!
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DIFFERENTIATION
f(x) x)
tankx ksec?kx
sec kx kseckx tankx

cotkx —k cosec?kx
cosec kx —kcoseckx cotkx
INTEGRATION  (+ CONSTANT)
£(x) (fexdx
sec?kx %tcln kx
tankx %lnlseckxl
cotkx 1El.nlsin kx|
cosec kx —%ln lcoseckx + cotkxl,
sec kx %lnlseckx + tankxl,

4

Your notes

%ln‘tan(%kx”

%ln|tan(%kx + %ST)|

= Experience, familiarity and recognition are important - practice, practice, practice!

= Problem-solving

1, SaveMyExams

techniques

© 2026 Save My Exams, Ltd.
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2sin?x
.g. — = +1|d
e.g S(,] T cosox ’I) X Your notes

*MIXTURE OF x’s AND 2x’s
-sin’x IS GOOD-COMMON IDENTITY
+1+cos2x IS NOT A GOOD DENOMINATOR

_ 2sin’x
_S(’I + (2cos’x — 1) +’l)dx

cos2A = 2cos?A—1

2cos’x

!

= ((tan2 + 1dx

‘2
2sin’x +’I)dx

= fseczx dx

sec?x = 1+ tan®x

=tanx +c

A STANDARD RESULT — BUT UNDER
DIFFERENTIATION IN THE FORMULAE BOOKLET

=

Examiner Tips and Tricks

= Make sure you have a copy of the formulae booklet during revision.
= Questions arelikely to be splitinto (at least) two parts:

= The first part may be to show or prove anidentity
= The second part may be the integration
= |f you cannot do the first part, use a givenresult to attempt the second part.

o

Worked Example
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4

Y t
9 (a) Show that (1 + cos2x)cosec2x = cotx our notes

(b) Hence, or otherwise, find the exact value of

3z

4
[ (1 + cos2x)cosec2x dx in the form alnb,

I

where a and b are constants to be found.

a) LHS = (1 + cos2x)cosec 2x

+NOTHING GAINED EXPANDING

- cosec IS % AND cot IS A FRACTION

0O

1+ cos2x
sin2x

LRS =

- 2x’s AT MOMENT, NEED x’s
+ IDENTITIES FOR cos2x AND sin2x
+ BUT WHICH cos2x?

. cot NEEDS cos ON TOP SO TRY
. cos2x = 2cos?x — 1

OO
o
+ 2y —
LHS = d (2(.05 x=1
2sinx cosx
7
S o
Zsinx cosx”
LHS = cotx cotx = “S?::
#Fsavemyexams
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BOOKLET

1, SaveMyExams

IN FORMULAE

b)

= [I.nlsinxl}

= (l.n|sini—5T|) —(ln|sin%‘)

—pl _n]
—Lnﬁ 'Lnj
=1n2*=1n2"
=—Z1n2 + 1n2
=712

(*) YOUR CALCULATOR WILL DO THIS
BUT NOT GIVE YOU AN EXACT VALUE.
YOU CAN SEE YOUR CALCULATOR TO
CHECK BOTH DECIMAL ANSWERS.

Fsavemyexams

s

Your notes
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