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Exponential Functions 4

Your notes

Exponential functions

What are exponential functions?

= Exponential functions of the formy = aXwitha > O are considered at A level

What are exponential graphs?
= Allgraphs of the formy = a*will pass through (0, 1) because a® = 1

= Thex-axisis anasymptote

ALL y=a* GRAPHS
PASS THROUGH (0,1)

What is exponential growth?

= Where x < 0 the highervalue of ais the “lower” graph
» 2.9.3¥<2X¥whenx <0

= Where x > 0 the highervalue of ais the “higher” graph
= e9.3¥>2Xwhenx >0

= a>lisexponential growth (see Exponential Growth & Decay)
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Your notes

/

What is exponential decay?

= Where x < O the highervalue of ais the “lower” graph

» e9.0.3¥<0.2¥ whenx <0

= Wherex > 0 the highervalue of ais the “higher” graph

= e9.0.3¥*>0.2¥ whenx >0

= 0O <ac<lisexponential decay

= Youmay like to think about why a = Tisnot considered...If a=1,y = 1¥X=1for all values of x

o

Worked Example
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Your notes

? On the same diagram sketch the graphs of
y =4"andy = 0.25%
Mark any points where the graphs cross the coordinate

axes and make any asymptotes clear.

SEGM O.25=% SO THE GRAPHS
ARE REFLECTIONS (IN THE y—AXIS)

y=0.25" y=4"

/E’ AXIS INTERCEPT

MAKE THE ASYMPTOTE
CLEAR

@savemyexams
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Logarithmic Functions 4

Your notes

Logarithmic functions

What are logarithmic functions?

a*=b <— | logsb=x

"THE POWER YOU RAISE a TO,
TO GET b, IS x"

= a=Db*andlogypa =xare equivalent statements
= a>0
= biscalledthebase
= Everytime you write alogarithm statement say to yourself what it means
= logz81=4
“the poweryouraise 3to, to get 81,is 4”
* logpq=r

“the poweryouraise pto,togetq,isr”

How are logarithms and powers inverses of each
other?

= Asalogarithmis theinverse of raising to a power

"THE POWER YOU RAISE
X) = x
loga(a’) a TO, TO GET o, IS x°
“log" AND ‘RAISING
qlogeX _ TO A POWER' ARE
INVERSES
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How do luse the inverse property of logs and 4
pOWQI’S? Your notes

2109381 + 3109,,0'1000 a

WHERE a AND b ARE INTEGERS TO BE FOUND.

‘THE POWER YOU RAISE
3 7O, TO GET &, IS 4’

2998 _ ¥ 46
‘THE POWER YOU RAISE
10 TO, TO GET 1000, IS 3"
3Lagm’1000= 33 =27
/_E’ log,5 = log,5" = 1
5199:° = 5'= 5
2L0938‘|+ 3Log1u1000 _ 16 + 27
5[.0955 5
_ 43
5

= Recognising the rules of logarithms allows expressions to be simplified
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e.g.

WITHOUT USING A CALCULATOR,
EVALUATE  log,642'

RECOGNISE 64 AND +2' ARE POWERS OF 2

LET x=log,642" /{l
2"=64+2'

1 REWRITE THE STATEMENT
2%=2%x2?

"THE POWER YOU RAISE
2 TO, TO GET 6442, IS x"

USING LAWS
OF INDICES

= Recognition of common powers helpsin simple cases

s Powersof2:20=1,21=2,22-4,23-8,24-16, ..

= Powersof3:39=1,3'=3,32=-9,33-27,3%=8]1, ..

= The first few powers of 4, 5 and 10 should also be familiar

= Formore awkward cases a calculatoris needed

e.q.

USE A CALCULATOR TO EVALUATE

log,,32 + log,12 — logy19

GIVING YOUR ANSWER TO 3 SIGNIFICANT FIGURES

B

WITH BASE 10

WITH BASE 2

log,,32 + log12 — log19 = 2.400968...

) [

WITH BASE 3

/_11

= 2.41 (3 sf)

= Calculators canhave, possibly, differentlogarithm buttons

1, SaveMyExams
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Your notes

= This button allows you to type in any number for the base

= Shortcut forbase 10 although SHIFT button needed

= Before calculators, logarithmic values had to be looked up in printed tables

What notationis used with logarithms?
= ]0isacommonbase
= logjpXxisabbreviated tologxorlg x

» (logx)2#logx2

o

Worked Example

(
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? Solve the equation 27+3 — 4] (2") +5=0,

giving your answers correct to 3 significant figures.

SPOT
THIS 2!

1, SaveMyExams

2x+3

2% 42 +5=0
2% 2 M(2+5=0

82— 41025 +5=0

LET y=2% 8y~ 41y+5=0

(By—-Ny-5)=0

y=’|§ y=5
x_1 x_

2= 3 2=5

X= Logz% x=log,5
x=-3 x=2.32192...

x=2.32 (3sf)

HIDDEN QUADRATIC

REWRITE

SUBSTITUTION
NOT ESSENTIAL

USE CALCULATOR
TO SOLVE

USE LOGARITHMS

4

Your notes
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Laws & Change of Base
Your notes

Laws of logarithms
What are the laws of logarithms?

a*=b < | logsb =x

"THE POWER YOU RAISE a TO,
TO GET b, IS x"

= There are many laws orrules of indices, for example

. am X an = am+n
. (am)n = amn

= There are equivalent laws of logarithms (fora > O)

. logaxy=logax+logay

X
» log (—\=10g x—log y
a\y} a a

- log xk=klog x

RELATES TO a*xa’=a**”

log,xy = log,x + log,y

X
d X—y

= log,x — log,y RELATES TO o

logs (5)

log, x* = k log,x RELATES TO (a'=a*

= There are also some particularresults these lead to

. logaa =1

Get more and ace your exams at savemyexams.com 10
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log a*=x /

log_ x Your notes
=g 4 =X
. logal =0
1
» log (—\= —log x

N\ X )

L _ “THE POWER YOU RAISE
0gd=1 N
a TO, TO GET a, IS 1
X —
log,a* =X loga™ = xlog,a
= 5
logx AN OPERATION AND
Q%% =x
ITS INVERSE
log,1=0 @'=1
e, =l logey = LoggX”
9ax Ya = —log X

= Two of these were seenin the notes Logarithmic Functions
= Beware..

= . log(x+y)#logx+logy

How do luse the laws of logarithms?
» Laws of logarithms canbe usedto ..
= ... simplify expressions
= ... solve logarithmic equations

= . solve exponential equations
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eg.  WRITE 3log,(2x+3) + log,5 — 2log,(x+1)
Your notes

AS A SINGLE LOGARITHM

3log, (2x+3) + log,5 — 2log,(x+1) = log,(2x+3) + log,5 — log,(x+1)’

klogx = loggx*

= log,5(2x+3)" - log,(x+1)"

logax + logqy = logg(xy)

5(2x+3)

= log
2 (x4

logyx — log,y = I.oga%

o

Examiner Tips and Tricks

= Rememberto check whetheryour solutions are valid. log (x+k) is only defined if x >
-k. Youwilllose marks if you forget to reject invalid solutions.

o

Worked Example
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Your notes

? Solve the equation log,(x + 12) = 3log,x — 2
°

log,(x+12) = 3log,x—2

log,(x+12) = log,x*—2 @/E klog,x = log, x*
log,x® - log,(x+12) =2 @/E’ LOGARITHMS ON SAME SIDE

x| _ /E
log, x+,’2)_2 SINGLE LOGARITHM
X __ REWRITE
x+12 2
X = Alx+12)
REARRANGE AND SOLVE
o ae 480 USING CALCULATOR
x=4

NOTE: OTHER TWO SOLUTIONS CALCULATOR
GIVES ARE IMAGINARY

#Fsavemyexams

bhange of base

What s the change of base formula?

= We canrewrite alogarithm as a multiple of a logarithm of any different positive base
using the formula

log, x

1 =—
8% log, a

How doluse the change of base formula?
= This formula had more use when calculators were less advanced

= Some old calculators only had a button forlogarithm of base 10

= Tocalculate 10g57 on these calculators youwould have to enter
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10g107 /

log 5 Your notes

= Theformulais only neededinasmallnumberof cases
= Thisis givenin the formulae bookletin caseitis needed

= The formula can be useful when evaluation alogarithm where the two numbers are
powers of acommon number

10g28 3
. 10g48= ==

10g24 2

= Theformula canbe useful whenyou are solving equations and two logarithms have
different bases

= Forexample, if you have 10g3k and 10g9H within the same equation

10g3n 1
= Youcanrewrite log nas which simplifiesto —log_n
&9 10g39 P 2983
10g9k
= Oryoucanrewritel0@_k as ———= whichsimplifiesto 21l0g k
/ &3 log 3 P &

9

= Theformula also allows you to derive and use a formula for switching the numbers:

1

1 =
8% log a

= Usingthefact that logxx= 1

o

Examiner Tips and Tricks

(

= |tisveryrare thatyouwillneedto use the change of base formula
= Onlyuseitwhenthe bases of the logarithms are different
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Exponential Equations 4

Your notes

Exponential equations

What are exponential equations?
= Anequationwhere the unknownis a power

= |nsimple cases the solutions canbe “spotted”

e.g. 5% =125 SPOT THAT 125 IS
A POWER OF 5

= See Exponential Functions

How do | solve exponential equationsin the formamw =
b?

= |fthe value of b can be written as a power of a (b = a¥)
= Write af(x) = gk
= Solve f(X) =k

= |fthe value of b cannot be written as apower of a

= Applylogs of base atobothsides to get:
. f(x)=10gab
= Solve forx

How do | solve exponential equations in the forma =
bg(X)?

= |fthe value of b canbe writtenas apowerofa (b = ak)

= Usetheindexlaw torewrite bg(x)

.« belx) = (gk)glx) = gke(x)
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« Wiite af®) = gkg(x) ,
e soive f(x) = kg(x) Yournotes
= [fthevalue of b cannotbe written as a power of a
= Applylogs of the same base (any base will work) to both sides to get:
= log(af™) =1og(be))
= Use thelaws of logarithms to bring the power to the front:
« f(x)loga=g(x)logh
= |ogaandlogb arejust numbers sorearrange and solve for x

= |f eithersideis multiplied by a constant ( paf(x) )
= Donotwrite as (pa)f(") - thisisincorrect
= Stilltake logs of both sides but you will need to use another law of logs
. IQg(paf(X)) =logp + logpaf(x)
= |ogpisjustaconstant so canbe solvedinthe same way as above

How do | solve exponential equations with three
terms?

= |fthe equation has three terms such as aflx) + 48(x) + c=0
= Usetheindexlawsinreverse to split up the powers

= Tryanduse a substitution to transform the equationinto a quadratic
= See Further Solving Quadratics (Hidden Quadratics)

= |Lookoutfortermswhere one poweris double another power

Solve the quadratic

= Foreach solution find the corresponding value(s) of x

o

Worked Example
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9 Solve 7 x 2% = 543 ,
(0]

alogqy5+lo
Write your answer in the form M, where a and b
blogyg5-logioq

are integers and p andq are prime numbers.

TAKE LOGS OF BOTH SIDES
Log (7 * 2¥) = log (5™ %)

APPLY LAWS log(AxB)=logA+logB AND log (A¥) = klog A

logso 7 + xloge 2 = (4x — 3V logy 5 CEXPAND
logso 7 + xlogyy 2 = 4xlog 445 — 3log45

ISOLATE THE x TERMS ON ONE SIDE
log,, 7 +3log,,5 = 4xlog ;5 — xlog 4,2

REARRANGE FOR x
3log,yd + log,,7 = (4log,, 5 — log ,2)x

3log,,5 + log,,7

X= Alog,,5 — log,,2

=

Examiner Tips and Tricks

Pay attention to how the question asks you to write your answer

= jtcouldaskforexactform, a specific form orrounded to a specified degree
of accuracy
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