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Polynomial Division 4

Your notes

Polynomial division

What is a polynomial?
= Apolynomialis an algebraic expression consisting of a finite number of terms, with non-

negative integerindices only

THESE ARE POLYNOMIALS:
3x+5 2x’y—4y+6 8

YES, A PLAIN NUMBER
IS A (VERY SIMPLE)
POLYNOMIAL

THESE ARE NOT POLYNOMIALS:

X 5x73 %

3 =3x~
NEGATIVE
INDEX

Ax'=x2
FRACTIONAL
INDEX

NEGATIVE
INDEX

#Fjsavemyexams

What is polynomial division?

= Polynomial divisionis a method for splitting polynomials into factor pairs (with or without
an accompanying remainder term)
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FACTOR PAIR ,

Your notes

Hxt-x-1=@+D(x*-1)

x3+2x2+3x+4=(x—1)(x2+3x+6)+10

FACTOR PAIR
WITH REMAINDER

#Fsavemyexams

= At Alevel you willmost frequently use it to factorise polynomials, or when dealing with
improper (ie 'top-heavy') algebraic fractions

How do | divide polynomials?

= The method used for polynomial divisionis just like the long division method (sometimes
called 'bus stop division') used to divide regular numbers:

124
39 [ 4836 139
-39
936
-78 2x39
156
—156 4x39
0
4336 _
SO =35> =124
#savemyexams

= AtAlevelyouwillnormally be dividing a polynomial dividend of degree 3 or 4 by a divisor
inthe form (x = p)

= The answer to a polynomial division questionis built up term by term, working
downwards in powers of the variable (usually x)

= Start by dividing by the highest power term

= Write out this multiplied by the divisor and subtract
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4

Your notes

? Divide the polynomial f(x) = x* + 6x? — 9x — 14 by (x — 2).

DEAL WITH HIGHEST POWER TERM

OF THE DIVIDEND FIRST, AND COMPARE
HIGHEST POWER TERM OF THE DIVISOR.
x*> TIMES x EQUALS x3 SO x* GOES HERE.

XZ

(-2 [@J'e"z_gx_'” % TIMES x-2 EQUALS x*-2x2

—(x?-2x%) SO SUBTRACT THAT HERE
8x*—9x—14
X —x=0 M YOU HAVEN'T DONE ANYTHING
Bx2 —(—2x?) = Bx? TO -9x—14, SO CARRY
THAT DOWN
#Fsavemyexams

= Continue to divide by eachreducing power term and subtracting your answer each time

NEXT DEAL WITH THE x* TERM IN YOUR
CURRENT REMAINDER.

8x TIMES x EQUALS 8x% SO +8x GOES
HERE AND WE PROCEED AS BEFORE.

X+ Bx
®2 | x+6x—ox—14
—(x3—2x%)
@x)-0x-14 @/E Bx(x—2) = 8x? ~16x
—(8x* —16x)
7x—14

&—E 8x? — Ox —14 — (8x* —16x) = Tx—14

#Fsavemyexams

= Continue until you are left with zero
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s

Your notes

AND REPEAT FOR THE x TERM OF THE
CURRENT REMAINDER.
7 TIMES x EQUALS 7x, SO +7 GOES HERE.

X+ 8x +7
®2 [ x+6x-9x—14
—(x*=2x%)
8x*—0Ox—14
—(8x2 —16x)
_@'E /—E 7(x—2) = (7x—14)
—(7x—14)
0]
x—2 IS A FACTOR OF x*+6x*—9x—14,
SO THERE IS NO REMAINDER TERM
(i.e. THE REMAINDER 1S ZERO)
#Fsavemyexams

= |fthe divisoris not a factor of the polynomial then there will be aremainder term left at
the end of the division

o

Worked Example
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For the polynomial f(x) = x% +
a) Divide f(x) by (x + 7).

6x2—9x — 14:

b) Find the remainder when f(x) is

divided by (x + 3).

1, SaveMyExams

a)

xX2—x—2

x+7 | x0+6x—Ox—14
—(x¢ +7x?)
-x*—9x-14

= I

THE x* TERM OF THE REMAINDER
HERE IS NEGATIVE, SO —x GOES
ON TOP

—(=x*—=7x)

—2x—14
—(—2x—44)\ THE x TERM OF THE REMAINDER
—_—  HERE IS NEGATIVE, SO -2 GOES

0

ON TOP

X+6x2—-9x=14 _ .
I 2o A

THIS MEANS THAT
*x3+6x2 — Ox— 14 = (x+7)(x*—x-2)

b)
x> +3x—18
x+3 x¥+6x*—9x—14

—(x*+ 3x?)
3x2—-9x—14
—(3x2+9x)

THE x TERM OF THE REMAINDER
HERE IS NEGATIVE, SO —-18 GOES
ON TOP

—13x—14
~(~18x—54)
40

THE REMAINDER IS 40

THIS MEANS THAT
X*+ 6x'— 9x —14=(x+3) (x*+ 3x—18)+40

#Fsavemyexams
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Your notes
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Factor & Remainder Theorem /

Your notes

Factortheorem

What s the factor theorem?
= The factortheoremis avery useful result about polynomials

= Apolynomialis an algebraic expression consisting of a finite number of terms, with non-
negative integerindices only

THESE ARE POLYNOMIALS:
3x+5 2x2y—4y+6 8

YES, A PLAIN NUMBER
IS A (VERY SIMPLE)
POLYNOMIAL

THESE ARE NOT POLYNOMIALS:

X 5x73 %

% = 3x1

»
Ix'=x2

NEGATIVE
FRACTIONAL NEGATIVE INDEX
INDEX INDEX

#F)savemyexams

= AtAlevelyou willmost frequently use the factor theorem as a way to simplify the
process of factorising polynomials

3 FACTORS

43 +8x7 - 9x — 18 = (x +2)2x + 3)(2x = 3)

POLYNOMIAL FACTORISATION

#savemyexams

How do | apply the factor theorem?
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= Forapolynomial f(x) the factortheorem states that: ,
AND

= [f(x-p)isafactorof f(x),thenf(p)=0

g(x) = 2% —7x2 49

5 5 BY () THE FACTOR THEOREM
g(3)=23)y -73)"+9 TELLS US THAT (x=3) IS A
=0
9(3)=0
h(x) = 4x> + 8x? — 9x — 18 BY (i) THE FACTOR THEOREM
s TELLS US THAT h(-2)=0
= (x +2)(4x* - 9) (TEST IT OUTY
(x+2) = (x—(~2)}
IS A FACTOR
#Fsavemyexams

©

Examiner Tips and Tricks

= |nanexam, the values of p you need to find that make f(p) = O are going to be
integers close to zero.

= Tryp=Tand-1first,then2and-2,then3and -3
= |tisveryunlikely that you'llhave to go beyond that.

o

Worked Example
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4

Your notes

, For the polynomial f(x) = x* 4+ 6x% — 9x — 14:
a) Use the factor theorem to show that (x — 2) is
a factor of f(x).

b) Use the factor theorem to find another factor of f(x).

s 2 FOR (x-2) TO BE A FACTOR,
a) (2 = (2 +6(2° -9(2) —14 N RN
=8+24-18-14=0 e

SO (x-2) IS A FACTOR OF f(x)

o s /ETRY x=1 FIRST
by (1) = 1’ +6(1—-9(1) - 14

=1+6-9-14=-16

K_{Qf(ﬂ)#o, SO TRY
=) = (= + 61" -9(- 1) - 14 x=—1 NEXT

=-1+6+9-14=0

SO (x+1) IS ANOTHER FACTOR OF fi(x)

f(-1=0, SO BY THE FACTOR THEOREM
(x—(=1N=(x+1 IS A FACTOR OF f(x)

#Fsavemyexams

L
Remainder theorem

What is the remainder theorem?
= The factortheoremis actually a special case of the more general remainder theorem

= Theremainder theorem states that when the polynomial f(x) is divided by (x - a) the
remainderis f(a)

= You may see this written formally as f(x) = (x - a)Q(x) + f(a)

= |npolynomial division
= Q(x)would be the result (at the top) of the division (the quotient)
= f(a) would be the remainder (at the bottom)
= (x-a)iscalledthe divisor

= |nthecasewhenf(a)=0, f(x) = (x - a)Q(x) and hence (x - a)is a factor of f(x)-the
factor theorem!

How do | apply the remainder theorem?
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= [fitisthe remainderthatis of particularinterest, the remainder theorem saves the need ,

to carry out polynomial divisionin full
Your notes

= e.g.Theremainderfrom (X2 - ZX) - (X - 3) is32-2x3=3
s Thisisbecauseif f(x) =x?- 2xanda=3

= |f the remainderfrom a polynomial divisionis known, the remainder theorem can be
used to find unknown coefficients in polynomials

= g.Theremainderfrom (X2 +pX) - (X - 2) is 8 so the value of p can be found by
solving 22 +p(2) =8 leadingtop = 2

= |nharder problems there may be more than one unknowninwhich case
simultaneous equations would need setting up and solving

= The more general version of remainder theoremiis if f(x) is divided by (ax - b) then the

b
remainderis f(—)
a

= The shortcutis still to evaluate the polynomial at the value of x that makes the divisor
(ax - b)zero butitis not necessarily aninteger

o

Worked Example
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4

? The polynomial p(x) is given by 8x' + ax’ + bx — 1, Your notes
o where a and b are integer constants.
When p(x) is divided by (x — 1) the remainder is 9.
When p(x) is divided by (2x — 1) the remainder is 1.

Find the values of a and b.

REMAINDER THEOREM: *f(a) IS THE REMAINDER WHEN
f(x) IS DIVIDED BY (x — a)*'

2x-1=0 WHEN x = &
x—1=0 WHEN x=1 |

s P =9 AND p(i)=/|

8+a+b-1=9 2

a+b=2 1\4 1\2 1
8(§)+°(§)+b(5)‘4=“
1 1 1. 4
7+Ia+7b 1=1
a+2b=6

SOLVING SIMULTANEOQUSLY:

a+b=2

a+2b=6

b=4

a=-2

a=-2, b=4

p(x) = 8x* — 2x2 + 4x — 1

o

Examiner Tips and Tricks

= Exam questions will use formal mathematical language which can make factor
andremainder theorem questions sound more complicated than they are.
= Ensure you are familiar with the various terms from these revision notes
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Polynomial Factorisation 4
Your notes

Polynomial factorisation

What is polynomial factorisation?

= Factorising a polynomial combines the factor theorem with the method of polynomial
division

= The goalisto break down apolynomial as far as possible into a product of linear factors

LINEAR FACTORS

X3+ 4x? = 11x =30 = (x + 2)(x — 3)(x + 5)

POLYNOMIALS

207 4+3x% +10x =6 = 2x — 1)(x* +2x +6)

LINEAR FACTOR

QUADRATIC FACTOR
THAT CAN'T BE
FACTORISED FURTHER

#jsavemyexams

How do | factorise a polynomial?

= AtAlevelyouwillusually be asked to factorise a cubic - i.e. a polynomial where the
highest power of xis 3

THESE ARE ALL EXAMPLES OF CUBICS:
B +2x%=5x+7
3 — x2 —4x3
x3 + 2x

2x3
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= Tofactorise a cubic polynomial f(x) follow the following steps:

4

Your notes

? Fully factorise x> + 4x* — 11x — 30.

@savemyexams

= Stepl.Findavalue p that makes f(p) = O

AP+ 40P =M -30=-36 & L TRY x=1]
(A + AP~ MA)~30= 16 <o TRY x=—1 ]
(2P+4(2F - M(2)-30 =28 K\@
2P+ 42P-M2-30=0V ______feTRY x=2]

BY THE FACTOR THEOREM THIS
TELLS US THAT (x—(=2)=(x+2)
IS A FACTOR OF THE POLYNOMIAL

#Fsavemyexams

= Step 2. Use polynomial division to divide f(x) by (x - p)

x+2x-15
x+2 | xX*+4x*—11x-30
—(x*+2x?)
2x*=11x—-30
—(2x*+4x)

—15x - 30
—(=15x - 30)
0]

#Fsavemyexams

= Step 3. Use theresult of your division to write
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f(x) = (x - p) (ax2 + bx + ¢) ,
Your notes

SO XP+AX —Mx—30 = (x+2)(x*+2%x —15)

#Fsavemyexams

= Step 4. If the quadratic (ax? + bx + ¢)is factorisable, factorise it and write f(x) as a
product of three linear factors (if the quadratic is not factorisable, then your result from
Step 3is the final factorisation)

x*+2x =15 = (x+5)(x—3)

SO x*+4x*—Mx-30 = (x+2)(x+5)(x—3)

#Fsavemyexams

o

Examiner Tips and Tricks

= The method outlined above can be logically extended to factorise a polynomial
of any degree.

o

Worked Example
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Your notes

? Fully factorise x> + 6x> — Ox — 14.

STEP 1:
. /—ETRY x=1 FIRST

£(1) = (P +6(1F - 9(1) - 14

=1+6-9-14=-16
/_‘_Jﬂmeo, SO TRY
F= M) = (7 + 6= -9~ — 14 el 2T
=—1+6+9-14=0
SO (x+1) IS A FACTOR OF f(x)

f(=1=0, SO BY THE FACTOR THEOREM
(x—(=1)=(x+1) IS A FACTOR OF f(x)

STEP 2
x*+5x —14
x+1 X+ 6x*—9x—14
—(x*+x?)
5x*—0x—14
—(5x2+5x)
—14x—14
—(—14x—14)
0]
STEP 3

SO X*+6x*—9x—14 =(x+1) (x*+5x—14)

STEP 4:
(*+5x—14) = (x+7)x—2)
SO  x*+6x*—9x—14 =(x+1)x+7)x—2)

@savemyexams
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