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Definite Integration 4

Your notes

Definite integration

What is definite integration?

= Definite Integration occursin an alternative version of the Fundamental Theorem of
Calculus

= This version of the Theoremis the one referred to by most AS/A level
textbooks/websites

FUNDAMENTAL THEOREM
OF CALCULUS

b
(£1x)dx = f(b) — f(a)

DEFINITE INTEGRATION

= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit

n f’(x)is the derivative of f(x)

Why is there no constant of integration in definite
integration?
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4

5
e.qg. FIND ggxz dx Your notes
2

#(x) = Ox2 INDEFINITE
INTEGRATION

s flx)=3x3+ ¢

F(2) =32 +c =24 +c¢
f(5) =305’ +c=375+¢

S f(5) = f(2)=(375+c) — (24 +¢)
=375-24+c—-c
=351

DEFINITE
INTEGRATION

¢’s CANCEL

= “4c¢” would appearin both f(a) and f(b)
= Since we then calculate f(b) - f(a) they cancel each other out
= Therewouldbe a“+c” fromf(b) anda-“+c” fromf(a)

= So“+c”isnotincluded with definite integration

How do | find a definite integral on my calculator?
= STEPT:If not givenaname, call the integral
= This saves you having to rewrite the whole integral every time!
= STEP 2: If necessary rewrite the integral into a more easily integrable form
= Notallfunctions canbe integrated directly
= STEP 3: Integrate without applying the limits
= Notation: use square brackets []with limits placed after the end bracket

= STEP 4: Substitute the limitsinto the function and calculate the answer
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9
e.g. EVALUATE §(2x2 + % — 4+x")dx Your notes
1
STEP 1 NAME THE INTEGRAL, T

9
LET T=[(2x*+ 5 - 44R)dx
1

STEP 2 REWRITE IN A MORE EASILY INTEGRABLE FORM

9
T = {(2x2 + 3x2 - 4x7)dx
4

STEP 3 INTEGRATE » USE SQUARE BRACKETS

. ° LIMITS AT END
— — 3_ - _i%
_':32x 3x71 3x»

1

STEP 4 SUBSTITUTE LIMITS AND CALCULATE
- _A o) (2 5 &)
I (486 3 72) (3 .
_ 1256
1=73

Using a calculator
= Advanced scientific calculators can work out the values of definite integrals

= The buttonwilllook similar to:
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4

LA Your notes

9

.4
((2x2 + 357 - 4x¥)dx
¢1

418. 666667

1256
3

= (Note how the calculator did not return the exact value {

=

Examiner Tips and Tricks

)ofthe integral)

= | ook out forquestions that ask you to find anindefinite integral in one part (so
“+c” needed), thenin alater part use the same integral as a definite integral
(where “+¢” is not needed).

o

Worked Example

Find the value of
4
f 3x(x2-2) dx
2

Answer:

Start by expanding the brackets inside the integral
4
[ Gx3-6x)dx
2

Integrate as usual (hereit's a 'powers of X'integration)

Write the answer in square brackets with the integration limits outside

4 [ 3+1 1+1\174
j;(3X3—6X)dx=_3()3(4_1)—6()1(_”)2
_-i 4_3 2]4
—-4X X ,
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Now substitute 4 into that function ,
And subtract fromit the function with 2 substitutedin

2 o3| =(2@i-3ap)- [2@1-30)
[0 -(Ger-sn)-(er-3e)

=(192-48)-(12-12)
=144-0
=144

Your notes

4
f 3x(x2—2) dx = 144
2
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AreaUndera Curve /

Your notes

Areaunder acurve

Whatis the areaunder a curve?
= The phrase “areaundera curve” refers to the area bounded by ...
= ...thex-axis
= . thegraphofy =f(x)
= . theverticallinex=a

= . theverticallinex=b

y y = f(x)

/\\/

R IS THE AREA UNDER THE CURVE vy = f(x)

How do | find the area under a curve using definite
integration?
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y = f(x) /

Your notes

b
AREA OF R = {f(xdx
a

Copyright © Save My Exams. All Rights Reserved

= Thevalue from definite integration is equal to the “areaundera curve”
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e.g. y /

Your notes

y=5+2x-x*

I O \ X
FIND THE AREA OF THE SHADED REGION.

3
AREA = [ (5 + 2x — x?)dx

]

3

1.3

= 5x+x2——x]
[ 3],

(5 +9-9)— (5 +1- )

AREA % SQUARE UNITS

Copyright © Save My Exams. All Rights Reserved

How do | find the limits of integration?
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y 4

Your notes

b
AREA OF R = [f(x1dx
a

Copyright © Save My Exams. All Rights Reserved

= [flimits are not provided they will be the x-axis intercepts

= Sety = 0andsolve the equation to find the x-axis intercepts
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4

e.g. FIND THE SHADED AREA MARKED R IN THE DIAGRAM BELOW
Your notes

SET y=0 FOR
x(5-x1=0 x—AXIS INTERCEPTS

soa=0 b=5 EXPAND SO
‘INTEGRATE— ABLE"

5
AREA OF R = {(5x—x?)dx
o

__|:5x2 x3:|5
L2 34,

=125 _125_ _
=52 --5>-(0-0
125

AREA OF R=-2= SQUARE UNITS

Copyright © Save My Exams. All Rights Reserved

How do | find areas that are below the x-axis
(negative areas)?
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’ 4

Your notes

y = f(x)

° W x

AREA R ENTIRELY UNDER x—AXIS

b
[fx1dx<0
a

= |fthe arealies underneath the x-axis the value of the integral will be negative

= Anareacannotbe negative, so take the modulus of the integral
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e.g. FIND THE SHADED AREA R IN THE DIAGRAM BELOW /
Your notes
y

y=x?—6x+5

4 4
3

X(xz‘ 6x + Bldx = [A —3x2+5x]

2 3 2

WRITE AS 3

AN INTEGRAL

=(ﬂ743+20)—(%—42+10)

AREA OF R=% SQUARE UNITS

How do | find total areas without areas cancelling
each otherout?
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y 4

=fix}
X X Your notes

a ch x

TOTAL AREA =R;+R,

c b c
AND  [#txidx = [foadx + [fixidx
a a b

b
BUT [fxidx >0
a

Sf(x)dx <0
b

SO TOTAL AREA #Sﬂx)dx
a

= Becarefulwhenone sectionis above and one section is below the x-axis
= Youwillneed a separate integral for each section, BUT...
= _..Onesection'sintegral will be negative
= ..Onesection'sintegral will be positive

= Soyou’'llneed to take the modulus before adding to find the total area
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4

e.g. FIND THE TOTAL OF THE SHADED AREAS
Your notes

y = x*—12x* + 35x

FACTORISE TO SOWVE f(x)=0

x(x2 —12x + 35)
x(x—=71x-5)=0

x3 —12x2 + 35x%

Il

< x—AXIS INTERCEPTS ARE 0,5 AND 7

5
~s‘(x3 —12x? + 35x)dx = £75, FIND INTEGRALS
0

4
SEPARATELY

USE CALCULATOR?

7
3‘0&— 12x2 +35x)dx = -8
5

<~ AREA OF sz%

AREA OF R,=8 é~—-EMODULUS NEEDED

TOTAL SHADED AREA = 3Z—S+8 - % SQUARE UNITS

o

Examiner Tips and Tricks

= Addinformation to any diagram providedin the question, as well as axes
intercepts and values of limits.

= Mark and shade the area you’re trying to find, and if no diagram s provided,
sketch one!

o
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Worked Example ,

Your notes

, Find the area bounded by the curve with equation
®
y = x? — 4x — 5, the x-axis and the lines x = 0 and

x=4.

y=x%2—4x-5

SKETCH AS NO
DIAGRAM GIVEN

x2—4x—-5=(x-5x+1N=0

x—AXIS INTERCEPTS
ARE -1 AND 5

EXPECT NEGATIVE R
AS BELOW x-AXIS

4
0

2 3
ftx2—4x—5)dx = [’% -2x2 - 5x:|
0

= (@ -32 —20) ~(0-0-0)

WRITE AS
AN INTEGRAL

AREA REQUIRED :93—2 SQUARE UNITS

E MODULUS

#Fsavemyexams
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Area Between a Curve & alLine /
Your notes

Areabetweenacurveandaline

What is the area between a curve and a straightline?

y = f(x)

y = g(x)

LINE AND CURVE

/ INTERSECTIONS

O X

R 1S THE AREA BETWEEN A CURVE AND A STRAIGHT LINE

= Thisisthe areaenclosed by a curve and aline between theirintersections

= Theintersections may need to be found using simultaneous equations

How do | find the areabetween a curve and aline by
separatinginto two areas?

= The areaenclosed will be the difference between ...
= the areaunder the curve and
= the areaundertheline

= These canbe found separately
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y y = f(x) y ,

y = g(x) Your notes

I I

I I

I I

) R l

| 1 | )

: R — i - I

0| d b S O| a b X
b b
R.={f(x)dx R.= {atxdx
a a
R=2-% (gb)
S5 Lg + glall

AREA OF
A TRAPEZIUM

= There may be easier ways to find the areaunder aline
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4

AREA UNDER A LINE Your notes

RECTANGLE
OR SQUARE

R.=c(b—a)

TRIANGLE

“d -
R= 7 (b—alg(b)

TRAPEZIUM

b—a
2

Py
I

Lg(b) + gfa)]

y = g(x)

Copyright © Save My Exams. All Rights Reserved

= Oncethe areas are found a question canbe answered in full
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4

e.g. FIND THE AREA MARKED R IN THE DIAGRAM BELOW.
Your notes

y =10 — 2x

AN
/

STEP 1 FIND THE INTERSECTIONS
OF CURVE AND LINE

1M-2x=5+4x —x?

x2—6x+5=0 SOLVE
SIMULTANEQUSLY

(x=5Nx-1=0

x=5 x=1

Copyright © Save My Exams, Al Rights Reserved
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4

STEP 2 FIND AREA UNDER THE CURVE Your notes

5
Re = {5+ 4x—x1dx DEFINITE
] INTEGRATION
R, = % USE
CALCULATOR

STEP 3 FIND AREA UNDER THE LINE

x=1, y=10-2:1=8

y=40—2x\

1

Copyright © Save My Exams. All Rights Reserved
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4

AREA OF TRIANGLE
R=dxaxg Your notes
L 9
2 7 x b x h
R.=16
STEP 4 SUBTRACT SMALLER AREA
FROM LARGER AREA
R=R.—R, R.> R,
- 80 _
R= 3 16

R= 33—2 SQUARE UNITS

= STEPT:Find theintersections of the line and the curve
= STEP 2:Find the areaunder a curve, Rg, using definite integration

= STEP 3:Find the areaunderaline, Ry, either using definite integration or the area
formulae for basic shapes

= STEP 4:To find the area, R, between the curve and the line subtract the smaller area from
thelargerarea

= [f curve ontop thiswillbe Rc - R

= [fline ontop thiswillbe R - R¢

How do | find the area between a curve and aline by
subtracting their equations?

= Analternative method allows subtraction of the two functions first

= Butbe extremely careful as to whether the curve orthe lineis on top
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4

Your notes

CURVE ON TOP

LINE ON TOP
Yy Yy
—
~
0 X 0] X

= STEPT:Find theintersections of the line and the curve
= STEP 2: Subtract the functions algebraically
= Ensure thisis done the correct way round!

= STEP 3:Find the area, R, between the curve and the line using definite integration
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4

e.g. FIND THE AREA MARKED R IN THE DIAGRAM BELOW.
Your notes

Y

y=40—2x\

STEP 1 FIND THE INTERSECTIONS
OF CURVE AND LINE

M-2x=5+4x —x?

x2—6x+5=0 SOLVE
SIMULTANEQUSLY
(x=5x-1N=0
x=5 x=1
STEP 2 SUBTRACT THE FUNCTIONS

S54+4x—x2—(10-2x) = —x?+6x—5

CURVE SUBTRACT
ON TOP *ALL* OF LINE
STEP 3 DEFINITE INTEGRATION FINDS R

5
R = {(—x? + 6x - 51dx
4

R= % SQUARE UNITS
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( ,
o Your notes

Examiner Tips and Tricks

= Addinformation to any diagram provided

= Add axesintercepts, as well asintercepts between lines and curves
= Mark and shade the areayou’re trying to find

= |fnodiagram provided, sketch one!

o

Worked Example
? Find the area indicated by R in the diagram below.
y y=%
y=xt
R
0 X
@savemyexams
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4

Your notes

lFIND THE lNTERSECTIONSJ

4_\_F SIMULTANEOUS
EQUATIONS
=X

x? = Ox &_/E QUADRATIC

STEP 1

wx
1l
x
TS

2

©lx

x2-0x=0
x(x=9)=0
ADD TO
x=0 AND x=9 DIAGRAM
@savemyexams
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STEP 2 \ FIND THE AREA UNDER THE CURVE /

Your notes
— 9
Pon - |4
Re=\x?dx =
5 3
L2 1,
_2 2 9
— | £ 2
__3x]o

2 07)_
(3(9)) (0)

R. =18
STEP 3 FIND THE AREA UNDER THE LINE ‘
TRIANGLE BASE =9
R=4+9x3 HEIGHT = 3
27
Ay
#Fsavemyexams
STEP 4 SUBTRACT SMALL FROM LARGE |
y CURVE IS
R=R.—Ry ON TOP
— 19 — 27
R=18-%

R = % SQUARE UNITS

@#Fsavemyexams
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AreaBetween 2 Curves /

Your notes

Areabetween 2 curves

Whatis the area between two curves?
= Ensureyou are familiar with ...
= Areaunderacurve

= Areabetweenaline andacurve

y = f(x)
L /

b
R = [1f0x) - glx01dx

a

= |ngeneral find the definite integral of “upper curve” - “lower curve”
= Howeverthisdoesdependon..

= . theareabeingfound

= if the curvesintersect(and cross over)

= Theareamay have to be splitinto separate integrals
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y 4

y = f(x) Your notes

y = alx)

b
R,= [Lf(x) - glx)1dx
a

C
R,= [Tg(x) = f(x)1dx
b

= The points at which curvesintersect may need to be calculated

How do | find the area between two curves?
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e.g. FIND THE SHADED AREA IN THE DIAGRAM BELOW ,

Your notes

y=x2-7x+14

STEP 4: FIND THE INTERSECTIONS

x2—T7x +14 = 2 + 4x — x>

2x* —Mx + 12

=0

(2x = 3)x—4)=0

COULD USE CALCULATOR

STEP 2: FORM
FIND

INTEGRAL AND

ITS WVALUE

A
AREA = E[rz +4x—x2) = (x2=7x +14)] dx
3

2

UPPER CURVE

KE LOWER CURVE
> USE CALCULATOR
S

4

AREA = [(-2x2 + Mx — 12)dx
%

AREA = 22 SQUARE UNIT

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com
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= STEP1 ,

Find the intersections of the curves if needed Your notes

= STEP2
Formtheintegral ...

= . usingtheintersectionsaslimits
= . “uppercurve” - “lowercurve” ..
= . andfind the value of the integral

= STEP3
Repeat STEP 2 if more than one area needed

= STEP4
Add areas together

=

Examiner Tips and Tricks

= |f nodiagramis provided sketch one, evenif the curves are not accurate.
= Addinformation to any given diagram as you work through a question.
= Maximise use of your calculator to save time and maintain accuracy:

= Solving equations, especially cubic equations
= Finding definite integrals

o

Worked Example
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4

Your notes
9 The diagram below shows a sketch of part
e
of the graphs with equations
y=x32=5x>+Txand y=2+22 - x>
y
4_
y=x*-5x*+ 7x
3_
1_
0 1 2 X
] y=2+2x*-x°
Find the shaded area.
#Fsavemyexams
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s

Your notes

STEP 4: FIND THE INTERSECTIONS

X3—5x?+7x =2 +2x*—x°

2x3-7x2+7x—2=0 SOLVE USING
, CALCULATOR

x=2, x=1, x=5

STEP 2: FORM AND FIND INTEGRAL FOR FIRST AREA

,
R, = g[(xﬁ —5x%+ 7x) = (2 + 2x* - x| dx
05

)
R, = [(2x = 7x2 + 7x-21dx

05
R 5 USE CALCULATOR

STEP 3: FORM AND FIND INTEGRAL FOR SECOND AREA

2

R, = g[(z +2x% = x%) = (x* = 5x? +7x)] dx

4

2
R, = [(—2x2 + 75 =7 + 21dx
1

R,= =
STEP 4: ADD AREAS TOGETHER
SHADED AREAS = R, +R,

SHADED AREA = % SQUARE UNITS

#Fsavemyexams
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Trapezium Rule (Numerical Integration) /
Your notes

Trapezium rule (numerical integration)

What s the trapeziumrule?

= The trapeziumrule is a numerical method of integration used to find the approximate
areaunderacurve

= |tcanbe used when analytical methods of integration won’t work

= |t finds an approximation of the area by finding the sum of the areas of trapeziums
beneath the curve

= The formula for an estimate of the area when splittingitinto n strips (trapezium) is

b—a

b 1
f ydx = Eh{(y0+yn) +2(y1 ty, .. +yn_l)} where h =
a

= |fyouhave nstrips thenyouneedn +1y-values
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4

YOU DON'T NEED TO REMEMBER
THIS BUT YOU NEED TO Your notes
KNOW HOW IT WORKS

THE TRAPEZIUM RULE:

a AND b ARE THE LIMITS OF
THE AREA YOU NEED TO FIND

3

Lh=W|DTH OF EACH STR@N
b

gydx ~ Lhily+y) + 20y + yo+ ot yo ), WHERE h=

b-a

>

2
a

n=NUMBER OF STRIPS

Yorrvs ARE THE
Yoo¥as oo o % OR INTERVALS

HEIGHTS OF EACH SIDE
OF THE TRAPEZIUM

STEP 1: FIND THE WIDTH OF
EACH STRIP h

STEP 2: USE h TO CALCULATE
THE x VALUES x,,x, etc FOR
EACH STRIP IN THE GIVEN
INTERVAL [aq,bl (YOU MAY
ALREADY BE GIVEN THESE IN
THE QUESTION)

STEP 3: SET UP A TABLE
AND USE THE EQUATION TO

T ST —s< > P —— CALCULATE THE y VALUES
Ol “h R h hhbxyo.yqetc

STEP 4: SUBSTITUTE ALL y
VALUES INTO THE FORMULA
ALONG WITH h

How dol know ifitis anunderestimate oran
overestimate?

= Depending onthe shape of the curve, the trapezium rule could be an underestimate or
overestimate

= The more trapezium strips used the more accurate the estimate

= Calculating the percentage error can tell you how accurate your estimate is
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TRAPEZIUM AREA TRAPEZIUM AREA ,

ESTIMATES LESS ESTIMATES MORE Your notes
THAN REAL AREA THAN REAL AREA
y Y
0 / a b X O] a b 7x
CONCAVE CURVES CONVEX CURVES
UNDER ESTIMATE OVER ESTIMATE

TOPS OF STRIPS ARE
FEWER STRIPS CLOSER TO CURVE
PROVIDE LESS SO ESTIMATE IS
ACCURACY MORE ACCURATE
y Y

MORE STRIPS

MORE ACCURATE

o[/ a b X o[f a b 7

ABSOLUTE ERROR = ESTIMATE — EXACT VALUE

PERCENTAGE _ ESTIMATE — EXACT VALUE
ERROR EXACT VALUE

A

1w

100

THIS IS HELPFUL WHEN
COMPARING DIFFERENT
ESTIMATES

=

Examiner Tips and Tricks
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The formula for the trapezium rule is given in the formula booklet. ,

( Your notes

o

Worked Example
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9 a) Using the trapezium rule, find an approximate

e 4 gy2
value for J ———dx, to 3 decimal places,
0 X+
usingn = 4.

b) Given that the exact value of

4 6x2
J ————dx = 6.993 to 3 decimal places,
0 X0+ 2

calculate the percentage error for a) to 2 decimal

places.
4-0 STEP 4 FIND h=229
a) h=""2=1 b=4
4 USING [ AND n=4
a=0
__6x%?
STEP 2: USING X Y= w2 STEP 3: SETUP TABLE
WIDTH h=1 = . AND USE EQUATION TO
- ’ ) () —
VALUES ARE iy - CALCULATE y VALUES
oh 2 5d 2 = y, =2.4
x,=3 | y, =1.862...
x, =4 y, =1.454...

STEP 4: USING
FORMULA FROM
FORMULA BOOKLET

b
Sydx ~ %h(y0+ Yot 20y +yo oo+ yq)
a

SUBSTITUTE ALL VALUESJ

45 x 1 x (0 +1.454... + 202 + 2.4 + 1.862...))

- %(4.454... +12.524..)

= 6.9893... = 6.989 (3dp)

USING

. _ ESTIMATE - EXACT

% ERROR = EXACT 100
b 6.989 - 6.993 0

6.993

IGNORE MINUS, YOU COULD
=-—o.(j)5720(:) DO EXACT-ESTIMATE TO
GET RID OFF THIS

=0.06% (2dp)

4
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