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Definition of Gradient /

Your notes

Definition of gradient

Whatis the gradient of acurve?

= Atagivenpoint the gradient of a curve is defined as the gradient of the tangent to the
curve at that point

= Atangenttoacurveisaline thatjusttouches the curve at one point but doesn't cut the
curve at that point

TANGENT

NOT A TANGENT
(DOESN’T TOUCH
THE CURVE)

o

NOT A TANGENT
(CUTS THE CURVE)

= Atangent may cut the curve somewhere else on the curve
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TANGENT ,

THE TANGENT AT Your notes
THIS POINT...

. MAY INTERSECT
AND CUT THE CURVE
SOMEWHERE ELSE

= |tisonly possible to draw one tangent to a curve at any given point

= Note thatunlike the gradient of a straight line, the gradient of a curve is constantly
changing

=

Examiner Tips and Tricks

= Atangentonly exists at points where a curve is smooth.
= Forexample, thereis no tangent (or gradient) at one of the 'corners' ina modulus
function.

\ y = 1f(x)l \ y = 1f(x)

THE GRADIENT 1S UNDEFINED
AT THESE POINTS

o

Worked Example
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’ The diagram shows the curve with equation
e

y = x> — 2x? — x + 3. The tangent, 7, to the curve

at point A(2, 1) is also shown.

-15 /-1 -05

Using the diagram, calculate the gradient of the

curve at point A.

1, SaveMyExams

y=x'-2x-x+3

(EX)]

4-(2)=6

-1.5 /1 -05 0

'
[38]

1. 2 2.5

35 X
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THE GRADIENT OF THE CURVE AT POINT A ,
IS THE SAME AS THE GRADIENT OF THE
TANGENT  LINE. Your notes

SO

CHANGE INy  4-(-2) _ £_3

GRADIENT = =
CHANGE IN x 3-1 2

#Fsavemyexams
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Definition of Derivatives /

Your notes

Definition of derivatives

Whatis the derivative of a function?

= Differentiationis an operation that calculates the rate of change of a function with
respect to avariable

= This means how much the function varies when the variable increases by one unit

= To differentiate a function (f(x)) with respect to the variable x we use the notation

d
" dx (f(x))
= Theresultis called the derivative

Whatis the link between derivatives and gradients?

= Therate of change of a function f(x) with respect to x can be thought of as the gradient
function of the graphy =f(x)

= We canwrite the gradient function (or derivative) as

dy

. f(X)ora

= Therate of change of a function (or the gradient of its graph) varies for different values of
X

= Foralinear function f(x) = mx + c the gradientis constant

: dy
= Wecanwritethisas f (X) =Mor— _=In

dx

= Forthe quadratic function f(x) = x2 the gradient varies
= Nearthe originthe gradientis closeto O

= Asxincreases the gradient of the graphincreases

How can find the derivative of a function at a point?

= Thederivative of a function (or gradient of its graph) at a point is equal to the gradient of
the tangent to the graph at that point

= To estimate the gradient you could draw the tangent and calculate its gradient
= Tofind the actual gradient at a point x
= Pick asecond point onthe curve close to the first point (call it x + h)

= Calculate the gradient of the chord joining the two points
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f(x+h)—f(x) fx+hn) -f(x)
(x+h)—x B h ,

Your notes

= Move the second point closer to the first point (make h get close to zero)
= Examine what happens to the gradient of the chord
= The gradient of the tangent will be the limit of the gradients of the chords

f(x + h) - f(x)

« f'(x)=1lim 7

h—-0

= Youdonotneedtorememberthisformula

y = f(x)
y Q,
CHORDS BETWEEN /|
P AND POINTS Q, ,*,
4 TANGENT AT P
P
X
)
Worked Example
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s

Your notes

9 The curve C is given by the equation y = x% The points P
@ and Qlie on € and have x coordinates 5 and (5 + h) respectively,
where h > 0.
(a) Find, in terms of h, the gradient of the chord joining P and Q.

(b) Hence explain why the gradient of the tangent to € at P is 10.

al  QUICK SKETCH
Y

5 5+h X

FIND THE y—COORDINATES

x=5 y=5%=25

x=5+h: y=(5+h? =25+10h+h?

FIND THE GRADIENT BETWEEN P AND Q

Yo — Y4 _ (25+10h + h1) =28 _ 10h+h?2 _ K(10+h)
X2 — X1 {8+ h) -8 Tk T X

GRADIENT =10 +h

m=

b)  THE GRADIENT OF THE TANGENT AT P IS EQUAL TO THE
LIMIT OF THE GRADIENT OF THE CHORD JOINING P AND Q
AS Q GETS CLOSER TO P.
AS Q GETS CLOSER TO P, (5+h) GETS CLOSER TO 5 SO
h GETS CLOSER TO 0.
AS h GETS CLOSE TO O, 10 +h LIMITS 10.

o

Examiner Tips and Tricks

= Deriving a derivative from scratch is not examinable
= Thisrevisionnoteisintended to give you an understanding of what derivatives do
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Differentiating Powers of x

Differentiating powers of x

How do | differentiate expressions with powers of x?

= Powers of x are differentiated according to the following formula

d
« —(x7)=nxn-1

dx

= Where N is any real constant
= This canbe written as:
« 1 f(x) = x7 then f'(x) = nx7~1

dy

= If y=X"then —— = nx?~1

o

Examiner Tips and Tricks

. dy
f (X) is usually used when a function, f(X), has been defined. d_ isusedwhena
X
graph of afunctionis givenin the form Y = ... They bothrepresent the derivative of

an expression.

L
= |fthe terminvolves a scalar multiple, then you can differentiate the power of xand then

multiply by the scalar

d
- —(ax")=anxn~!

dx

= Where 1 and @ are any real constants

= Differentiating terms with positive integer powers of xis straightforward

4

Your notes
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f(x) = x?
f(x) = 5x®
y=—4x°

fl(x) = 2x%" = 2x

f(x) = 5x3x31 = 15x>

dy _ —4x5x°"=-20x*
dx
dy _ 2 71 _ 4 6

= Butnegative and fractional powers of x can also be differentiated this way

f(x) =2x""

f=54F =5 ——> fho=5x3x =3x+=

_ 4
-

1
Y’:F

= Don'tforgetthese two special cases:

——> fiX)=2x(=Nx = -2x2

aL
x'=x’

5
24x’

= The derivative of alinear functionis a constant

d

- —(ax)=a

dx

= Where @isanyreal constant

= The derivative of a constant functionis zero

d
. a(a)=0

= Where a@isanyreal constant

= These allow you to differentiate constants and linear termsin x

1, SaveMyExams
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flx)=3 — f(x)=0 ,
Your notes

f(x)=-5x —> f(xl=-5

y:ﬁ %j—i:O
. dy _
y = x — L=y

= |fthe expressioninvolves a sum or difference of terms just differentiate one termata
time

l l THE DERIVATIVE
, OF 3 (A CONSTANT)
y=xt - {x + &
Yy g A4
dx 4x 24{x  x?

IN  GENERAL IF y=f(x)+ glx)+hix)+ ...

THEN 32 = £1x) +gx) + Kix) + ..

Examiner Tips and Tricks

= Take extra care when differentiating negative and fractional powers of x as

mishandling negative signs and fractions isa common way to lose marks in these
sorts of questions.

o

Worked Example
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8
o f(x) = +\/;, where ¢ is a real
® g\ x
constant and x > 0.
3
Given that f'(3) = e find the value of g.
1 1 — % L — ‘%
ﬂx)=%x‘f+xzk\{‘“‘7‘x T
_3 1
£ = — g xox T LaxE
IS e
= X X
= ,] - 4 3
24 gxdx’ x?=xAx’
fl3) = s - A 398
243" 3q{3" 6943’
REWRITE AS SINGLE
FRACTION WITH
<o 338 3 COMMON DENOMINATOR
693 18
3q-8 = —% (Gq@) =-q
4q=38
q=2
#Fsavemyexams
\
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Your notes
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Gradients, Tangents & Normals /

Your notes

Gradients, tangents & hormals

How do find the gradient at a pointona curve?

= To find the gradient of a curve y= f(x) at any point on the curve, substitute the
x-coordinate of the pointinto the derivative f'(x)

e.g. FIND THE GRADIENT OF THE CURVE

y=x-+ AT THE POINT (2:3)

y = x—x1 FIND
DERIVATIVE
dy 1

= (= -1-1 — -2 — i
dIx 1=(=1x 1+x ’|+)<2

WHEN x=2,
PUT x—COORDINATE
dy 41 _ INTO DERIVATIVE
22

5
dx 4

THE GRADIENT AT (2:3) IS 2

How do | find the equation of atangent to a curve?

= Atany pointonacurve, the tangentis the line that goes through the point and has the
same gradient as the curve at that point

y = f(x)

TANGENT

o |
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= Forthecurvey =f(x), you can find the equation of the tangent at the point (a, f(a)) using ,
y—1f(a) = f'(a)(x - a)

How do | find the equation of anormal to a curve?

= Atany pointona curve, the normalis the line that goes through the point andis
perpendicular to the tangent at that point

Your notes

y = f(x)
NORMAL

TANGENT

[ S

= Forthe curvey =f(x), you can find the equation of the normal at the point (a, f(a)) using

y—(a) = —ﬁ(x—a

o

Examiner Tips and Tricks

= The formulae above are not in the exam formulae booklet, but if you understand
what tangents and normals are, then the formulae follow from the equation of a
straightline combined with parallel and perpendicular gradients (see Worked
Example below).

o

Worked Example
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4

Your notes
, The curve C has the equationy =7 — 12\/; .

@
a) Find the equation of the tangent to C

at the point where x = 9.
b) Find the equation of the normal to C

at the same point.

a  WHEN x=9, y=7-12{9' =-29 é’——E’ FIND y—COORDINATE

aL
2

y=7-12x> {X'=x

dy _ ix%_4=_ 41__6 FIND

T=-12(3) ox =" DERIVATIVE
WHEN x =09,

dy 6 USE DERIVATIVE TO FIND
K='E=_2 GRADIENT OF TANGENT
SO THE TANGENT AT POINT (9,-29) HAS EQUATION

y —(=29) = -2(x-9)
kE: y—v, = mlx—x,)
y=—2x-"1

b) THE NORMAL IS PERPENDICULAR TO THE TANGENT,

SO THE GRADIENT OF THE NORMAL IS —(_%:%
AT (9,-29) THE NORMAL
HAS EQUATION my= =
y--29)= 4 (x-9) FOR PERPENDICULAR LINES
y = %X — %
@savemyexams
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Second Order Derivatives

Second order derivatives

What is the second order derivative of a function?

= |fyou differentiate the derivative of a function (ie differentiate the function a second

time) you get the second order derivative of the function

= Forafunctiony =f(x), there are two forms of notation for the second derivative (or
second order derivative)

"' (x)

&y
or dX2

= Note the positions of the power of 2'sin the second version

= The second order derivative can also be referred to simply as the second derivative

= Similarly, the 'regular' derivative can also be referred to as either the first order
derivative or the first derivative

= The second order derivative gives the rate of change of the gradient function (ie of the
first derivative) - this will be important foridentifying the nature of stationary points

=

1, SaveMyExams

e.g.

Examiner Tips and Tricks

© 2026 Save My Exams, Ltd.

fix) = x3
(x) = 3x?
1x) = 6x

y=7x*—4x +19

dy _

ix - 14x — 4
sz —

dxz — 14

= When finding second derivatives be especially careful with functions that have
negative or fractional powers of x (see Worked Example below).

4

Your notes
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derivative more than once.

o

Worked Example

= Mistakes made with fractions or negative signs can build up as you calculate the

4

Your notes

’ Given that f(x) = X+ —
(0] X

a) Find f'(x) and f"(x).

b) Evaluate f”(3). Give your answer in the form a\/E,

where b is an integer and «a is a rational number.

d) fix) =4 — x2 +3x

/—E’ REWRITE AS POWERS OF x

NI—‘

1.4
1x) = —(3)x* +3(——)x
'Fl(x) =_% N Sx /k

DIFFERENTIATE ONCE

TO FIND f(x)
4 3
Moy A Ay 233y
fi(x) = =5 (=3)x 5 (—F)x
_3 -5
£x) = %xz N %xz DIFFERENTIATE A
SECOND TIME
TO FIND f(x)

1, SaveMyExams
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" 1 9 % g 5
b) f(X)=m+4x2W x? = xAx’ x2 = x"{x'
" ,] 9
Rz +—=
424_‘ 3643
_ 12 _ 1 A3 _4F
3643’ 343 3 9
£3) = L3 RATIONALISE
9 DENOMINATOR
#Fsavemyexams

Get more and ace your exams at savemyexams.com

17


https://www.savemyexams.com/?utm_source=pdf

