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Centres of Mass with Particles /

Your notes

Particles Along a Straight Line

What is/are centres of mass?

= The centre of mass of abody (or a system of bodies) is the point at which the total mass
of the body (or system) can be considered to act as one

= |tis the single point at which the (force) weight (W = mg)of the whole system acts

= Bodies are modelled as particles

What is meant by particles along a straightline?

= Thisiswhen several particles making a system are arranged in a straight line

= This will be either horizontally or vertically - usually with reference to the x-axis or y-axis
] (}, 0) would be the coordinates of the centre of mass along the x-axis
= (0, ;/) would be the coordinates of the centre of mass along the y-axis

So the particles do not have to be connected to each other?
= Notnecessarily.

= Anyobjectthatisusedto connect the particles can affect the centre of mass(see
Revision Note 2.1.7 Non-uniform Objects & Other Problems) unless it is modelled as
beinglight

= e.g.Tins of paint (particles) placed at various points along a plank of wood
(connecting object)

= |f the plank of wood is modelled as light it will have no influence on the position
of the centre of mass -i.e. it canbeignored

How do | find the centre of mass of a system of particles along
astraightline

= Firstly, if no axis or origin have been givenin a question, you will need to create your own

= Forexample, the left-hand edge of the plank of wood could be the origin with the X
-axisincreasing towards the right-hand edge of the plank of wood
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Three tins of paint are placed 0.1m,0.3m and 0.6 m from one end of a plank ,

of wood
@

1 1T O >
0 0.5
\ﬂ THE AXIS IS THE
ORIGIN| [AXIS PLANK OF WOOD

An axis and an origin can be set up and coordinates used to describe the
positions of the tins of pdint and the position of the centre of mass

Your notes

= |ngeneral forasystem of n particles with masses m, m,, My;..... m, placed along

the x-axis at the points with coordinates (Xl, 0), (Xz, 0), (X3, 0),....(XH, 0), the

centre of mass, point (X , 0) is found by solving

n n
2. mx. =x 2. m.
i=t "0 =1

= \We’re sure you can figure out the equivalent equation for particles placed along the y-
axis!

STEP1 Draw adiagramindicating the particles and their positions on the line.
This does not need to be a scale diagram but should indicate the axis and origin.
(Rememberyou may have to create your own axis and origin.)

If given a diagram, add anything necessary toit.

STEP2 Setupanequationforthe -coordinate for the centre of mass using
2. mx, = X Zmi

(Thisis the same equation as above but you may sometimes see
itwiththe n andthei=1removed, as we have done here.)
STEP 3 Solve the equation and answer the question.

This may be giving the centre of mass as coordinates or describing its positionrelative to
an object orbody.

You can check your answer is sensible by comparingit to the location of the particles.

o

Worked Example
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Aset of 3discolights are modelled as being particles placed every 20 cmalong a ,
horizontal light rod. The firstlightis located 15 cm from the end of the rod that is

connected to the electricity supply. Starting with the firstlight, in order, the lights Your notes
have masses of 5kg, 7 kg and 8 kg.

Describe the position of the centre of mass of the disco lights in terms of its distance
fromthe end of therod thatis connected to the electricity supply.

Step 1: Draw a diagram, adding an axis and an origin

IThe axis is the light rod

Electricity
sl 5kg 7 kg 8kg
——@ @@=
x(cm)
0] 15 35 55
Step 2: Set up an equation using 2m,x, =X2m,

5x15+ 7x35 +8x55 =x(5+ 7 + 8)

Step 3: Solve the equation and answer in context required
20x =760
x =38

& The position of the centre of mass of the disco lights is
38 cm from the end of the rod that is connected to the
electricity supply

=

Examiner Tips and Tricks

= Sketchdiagram(s) oradd to any givenin a question.
= |fnotreferencedinaquestion create a coordinate system of your own, making it
clearonyourdiagram(s) where the originis.

\
Particlesina(2D) plane
What is meant by particlesina (2D) plane?

= Particlesina(2D) plane refers to a system where particles are arranged on a surface
= e.g.Theplaying pieces (particles) onachess board(plane)
= The two dimensions are horizontal and vertical

= Cartesian (x -y axes) coordinates are used to describe the positions of the particles
with ()_(, ;/) being the coordinates of the centre of mass of the system
= If the particles are connected by an object - including the plane itself - the centre of

mass may be affected (see Revision Note 2.1.7 Non-uniform Objects & Other Problems)
- unless the connecting object is modelled as being light
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How doll find the centre of mass of a system of particlesina ,’
(2D) plane?

= Firstly, if no axis or origin have been givenin a question, you will need to create your own

Your notes

= Forexample, the bottomleft corner of a sheet of metal edge could be the origin
with the x-axis running along the bottom edge of the sheet and the y-axis running up
the left hand side of the sheet.

Two weights are placed on a rectangular sheet of metal measuring 50 cm
by 80 cm

The weights are placed at the midpoints on the two longer edges of the
sheet of metal

80

(0,400 @

0 50 x

An axis and an origin can be set up and coordinates used to describe the
positions of the weights (and the position of the centre of mass)

= Ingeneral forasystem of n particles with masses m, m,, My;.... placedina2D plane
atthe points with coordinates (Xl, yl), (Xz, yz), (X3, y3) ..... ,(XH, yn),the centre of
mass, point ()_(, }) is found by solving
n n

2.mr.=r2.m.

. 11 . 1

i=1 i=1

wherer, =Xxi + yj are the position vectors of the particles and

r =xi + yjisthe position vector of the centre of mass
et B X . " " ] : .
= (Position) vectors can be given as column vectors; orini-j notation; X1+ y]

= Alternatively the two dimensions can be separated creating two systems of particlesina
straightline
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» Usethe equations Zm}.x}. =x Zm}. and ij s =y ij tofind the ,

coordinates of the centre of mass, separately Your notes

= Rememberto give your final answerin the form G{, ;/)
STEP1 Draw adiagramindicating the particles and their positions on the plane.
This does not need to be a scale diagram but should indicate the axes and origin.
(Rememberyou may have to create your own axes and origin.)
If given adiagram, add anything necessary toiit.

STEP2 Setupanequation forthe position vector of the centre of mass using
Zmiri =r Zmi

(This is the same equation as above but you may sometimes see it with then and th =1
removed, as we have done here.)

Alternatively, you can set up separate equations for X and ;/
STEP 3 Solve the equation(s) and answer the question.

This may be giving the position of the centre of mass as coordinates, a position vector or
describing its positionrelative to an object or body (including the plane).

You can check your answer is sensible by comparingit to the location of the particles.

o

Worked Example

p

Asystem of two particlesliesinthe X-Y plane. The first particle has mass 2.4 kg and
islocated at the point (-3, -2) . The second particle has mass 7.6 kg andis located at

the point (p, q) . Given that the coordinates of the centre of mass of the systemis
(0.04,3.32) find the values of P and g .

Answer:
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Notice in this question the coordinates of the centre of mass are given, ,
and we asked to find the location of a particle Your notes

The method of solution is the same except the equation will need
rearranging differently in order to solve it

Step 1 Draw a diagram, adding axes and the origin

2.4 kg +7.6kg

10 k

Eontre o massd———>1 @ o
» 9

(0.04,3.32)

We don’t know where
2.4 kg this particle lies yet,
. but diagram is a sketch
so it doesn’t matter

Step 2: Set up dn equation using Xm;r, =F2m,
2.4 +7.6

2.4(=31 — 2]} + 7.6(pi + qj) = 10(0.04i + 3.32))

Step 3: Solve the equation and answer in the format required
7.6(pi+qj) =1(0.4 +7.2)i +(33.2 + 4.8)]
7.6(pi + qgj) = 7.6i + 38

sp=1,9=5

o

Examiner Tips and Tricks

= Sketchdiagram(s) oradd to any givenin a question.

= |[fnotreferencedinaquestion create a coordinate system of your own, making it
clearonyourdiagram(s) where the originis.

= Youdonot have to use vector notation; you can treat each dimension separately.
However, do ensure your final answer is in the required format.
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Uniform Laminas /

Your notes

Uniform Laminas

A brief reminder of centre of mass ...

= The centre of massis the point at which the total mass of a body (or a system of bodies)
canbe considered to actas one

Whatis alamina?

= Alaminais a(3D)body that has one very small dimension compared to the other two
dimensions which means the third dimensionis negligible and the body canbe
modelled as a (2D) plane

= Commonexamplesinclude
= asheetof paper, card, wood, metal, plastic, cloth, etc

= awall

What modelling assumptions are used with laminas?
= (Forthis Revision Note) alllaminas are uniform
= uniform means the mass perunit area (mkg) is equal at every point on the lamina

= |ntherealworld auniformlaminais very difficult to achieve - particularly with
natural materials such as timberwhere knots and otherimperfections occur

= The cloth onaprofessional snooker table needs to be as close as possibleto a
uniformlamina - it should have no imperfections (such as a small tear) if the table
and balls are to play as a professional would expect

= |nMechanics 2 both uniform (this Revision Note) and non-uniform laminas (Revision
Note 2.1.7) are considered

How dol find the centre of mass of a (standard) uniform
lamina?

= |f the shape of alamina has an axis of symmetry, the position of the centre of mass will
be somewhere on that axis

= |f the shape of alamina has more than one axes of symmetry, the position of the centre
of mass will be the intersection of those axes

= The most common shapes - rectangles (including squares), triangles, circles and
sectors (including semi-circles) are referred to as standard uniform laminas

How do | find the centre of mass of a triangular lamina?

= Triangles are alittle more complicated
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= |nany triangle amedianis aline joining a vertex to the midpoint of the opposite side ,

= Inany uniform triangle the position of the centre of mass Your notes

= lies g of the way along a median when measured from its vertex.

Thisis stated in the formulae booklet

= sthe point of intersection of the medians

OM is a median G lies % of the distance OM from O
e.g.1f OM=8cm,0G=2x9=6cm

So the position of the centre of mass is 6 cm along
OM from O

= The coordinates of the centre of mass of any uniform triangle can be found if the
coordinates of its three vertices are known

= The coordinates of the centre of mass of any uniform triangularlaminais the mean
of the coordinates of its vertex

= This only works for triangles and is not true for all other polygons

= |nadditionto the above, for equilateral and isosceles triangles only
= |nanequilateral triangle all three medians are also axes of symmetry
= |nanisosceles triangle one of the medians is an axis of symmetry

= The position of the centre of mass will always lie on an axis of symmetry so for both
equilateral andisosceles triangles only one median need be used

= Anaxis of symmetry is perpendicular to the side they bisect so any missing lengths
can be found using Pythagoras’ theorem and/or basic trigonometry

I
I
I
I
I
I
I
i
1

EQUILATERAL ISOSCELES
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O Your notes

Worked Example

Ashop signis made from a sheet of wood in the shape of anisosceles triangle withiits

2T
two equal sides of length 60 cm meeting at the vertex O with an angle of T

radians.

(a) State any modelling assumptions regarding the sheet of wood being used to make
the shop sign.

(b) Describe the position of the centre of mass of the shop signinrelation to vertex O.

The shop signis adapted slightly to make the shape of a sector of a circle with the two
equal sides of the isosceles triangle forming two radii of the sector and vertex O
becoming the centre of the circle

(c) Describe the new position of the centre of mass of the shop signinrelation to
vertex O.

(a) State any modelling assumptions regarding the sheet of wood being used to
make the shop sign.

Answer:

al Modelling assumptions would be that the sheet of wood
is a LAMINA and is UNIFORM

(b) Describe the position of the centre of mass of the shop signinrelation to vertex O.

Answer:

b) Sketch a diagram...

Length of median through O 60 cos(jT/g) =130
%of distance of median §X3O= 20

The position of the centre of mass is 20 cm from vertex O
along the median through O

4 SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com

10


https://www.savemyexams.com/?utm_source=pdf

The shop signis adapted slightly to make the shape of a sector of a circle with the two ,
equal sides of the isosceles triangle forming two radii of the sector and vertex O
becoming the centre of the circle Your notes

(c) Describe the new position of the centre of mass of the shop signinrelation to
vertex O.

Answer:

c) Sketch a diagram...

60 cm 60 cm

0

"Sector of a circle, 2rsind. from centre"
3oL

r =60

=2
2ol = 3 %=

NI
3

N]
. 2rsinal _ ’I2Dsin(?) _ 603’

3ot aall N}
3
The position of the centre of mass is 60:;_‘_\!? cm

(33.1cm to 3s.f.) from vertex O along the median through O

o

Examiner Tips and Tricks

= Sketchdiagram(s) oradd to any givenin a question - this may help you to see an
axis of symmetry.

= |fatriangleisinvolved, be clearabout the type of triangle (and the information
aboutit) you have been given.

= Rememberthatasemi-circleis a sector of a circle with angle tradians at the
centre.

= Beware! The formula bookletlists the formulae forlaminas and frameworks
together.
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Composite Laminas 4

Your notes

Composite Laminas

A brief reminder of centre of mass ...

= The centre of massis the point at which the total mass of a body (or a system of bodies)
canbe considered to actas one

Whatis a composite lamina?

= Acomposite laminais a non-standard shaped lamina that can be constructed fromtwo
or more of the standard uniform laminas - rectangles, circles, sectors and triangles

= Examplesinclude
= tworectangularlaminas madeinto a L-shaped shelf

= asemi-circularlamina cut from alarger semi-circularlamina to create arainbow
shaped sign

= two overlapping circularlaminas

= |nMechanics 2 both uniform (this Revision Note) and non-uniform laminas (Revision
Note 2.1.7) are considered

What modelling assumptions are used with composite
laminas?

= (Forthis Revision Note) alllaminas making a composite lamina are made from the same
uniform material

= uniform means the mass perunit area (111 kg) is equal at every point on alamina
= the mass of alaminais proportional toits area (A m?)

* i.e.Massofalamina= Amkg

= everylamina being made from the same material means that the mass per unit
length will be the same for every lamina

= j.e. M willbethe same foreverylamina

=  IM’scancelinthe equation for finding the position of the centre of mass
= only the value of A(i.e. the area of each lamina) is needed in calculations
= Acomposite laminais flat sois modelled as existingina (2D) plane
= the third dimension will be small compared to the other two sois negligible

= Any material/mass usedin the process tojoinlaminas is negligible

How do I find the centre of mass of a composite lamina?
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= [nshort, find the area and position of the centre of mass for the individual parts of the ,
composite lamina, then treating these as particles with mass equal to the area, use the
equation below (Revision Note 2.1.1) to find the position vector of the centre of mass of Your notes
the composite lamina

Zmlrl. =72 m,

STEP1 Sketchadiagram, oraddto adiagramif one has been given

Create yourown axes if necessary

Splitthe composite lamina into two or more standard laminas

e.g.

12

10

M| = == == =]

A=t - - O3
N

10 12 x

STEP 2 Calculate the area and the position of the centre of mass for each standard lamina

List the resultsin a table to make the equation easierin the next step

Square Rectangle Whole
Mass/Area 9 9 18
E3 A3 Bz X
Y 4.5 5.5 v

(For both squares andrectangles, the position of the centre of mass will be their centres;
Gy(2.5,5.5)and G,(4.5, 5.5) which are easy to ‘see’, similarly the areas of these shapes are
simple to calculate so the table canbe completed directly.)

1, SaveMyExams
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STEP 3 Treat Gjand Gy as the positions of particles with masses the area of the standard
laminas.

Use Z mzfi = ;Z mito find the position vector of the centre of mass (G) of the composite
lamina.
Remember to give the final answer in the required format.
e.g. 9(2.5i+5.5)) +9(4.51 +5.5j) = 18(xi +yj)

18(xi + yj) = 63i + 99

(xi+yj) =3.5i+5.5]
So the coordinates of the centre of mass (G) of the composite lamina are(3.5, 5.5)

Looking back at the diagram this seems a sensible answer.

= |nthe example above
= X and Y could've been treated separately rather than use vector notation

= theline ¥ =5.5is an axis of symmetry of the composite lamina so the y-coordinate
of the centre of mass could’ve been written down without any calculations being
made

= Composite laminas also include cases where a standard lamina has been removed from
another standard lamina - the worked example below demonstrates this

o

Worked Example

Auniform laminain the shape of a triangle has a circle of radius Tcm and centre (3, 5)
removed fromit as shownin the diagram below.

4

Your notes
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4

y Your notes

|

/

~

N
\

0, 2 4

Find the coordinates of the centre of mass of the resultinglamina, giving your
coordinates to three significant figures.

Answer:
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Step 1 Add useful information to the given diagram ,

y Your notes
8
6
4
%
0 2 4 6 8 X
Step 2: Calculate the area and position of the centre of mass

for edch standard lamina
Table the results

1
Tridngle drea: 7 §x7x8=28

141+9 1+8+ 6)
3 ’ 3
_[M
-(%-9
(Circle is easy to calculate mentally, so results put
directly into the table)

Triangle centre of mass (G,)(

Triangle Circle Whole

—JTas the
Area 28 - _EE_:ET‘\ circle has
been removed
% '% 3 %
1% 5 5 1%
Step 3: Treat as particles and use 2mr =FZm, to find the

position vector of the centre of mass
28 (43—4. + 51) 131 + 5)) = (28 - TN(Xi + 7))

r=xi+yj=(3.750919...)i + 5j

* The coordinates of the centre of mass of the resulting
lamina is (3.75,5) to 3s.f.

o

Examiner Tips and Tricks

= Sketchdiagram(s) oradd to any givenin a question.
= |fnotreferencedinaquestion create a coordinate system of your own, making it
clearonyourdiagrams where your originis.
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= Forcomposite laminas that have partsremoved, treat the parts removed as ,
having negative area.

= Youdonothave to use vectornotation; you can treat each dimension separately. Your notes
However, do ensure your final answer is in the required format.

= Beware! The formula booklet lists the formulae forlaminas and frameworks
together.
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Frameworks ,

Your notes

Frameworks

A brief reminder of centre of mass ...

= The centre of massis the point at which the total mass of a body (or a system of bodies)
canbe considered to actas one

What is a framework?

= Aframework s created by joining thin-linear-shaped bodies (e.g. apole or post)
togetherto create a flat design or shape

= Suchbodies canbe modelled mathematically as rods or wires
= Examplesinclude
= the supporting structure for the roof of a house
= fourstraight rope lightsjoined together to make arectangularrope light

= |nMechanics 2 both uniform (this Revision Note) and non-uniform rods (Revision Note
2.1.7) are considered

= Aframework would not be splitinto standard shapes as perimeter rather than the areais
being worked with

What modelling assumptions are used with frameworks?

= (Forthis Revision Note) allrods (or wires) making a framework are made from the same
uniform material

= uniform means the mass perunitlength (1M kg) is equal at every point along arod
= themass of arodis proportional toitslength (] m)

= i.e.Massofarod=Im kg

= everyrod/wire being made from the same material means that the mass perunit
length will be the same for every rod/wire

= j.e. M willbethe same forevery rod

= M’scancelinthe equation for finding the position of the centre of mass

= only the values of ](i.e. thelengths of eachrod) are needed in calculations
= Aframeworkis flat sois modelled as existing in a (2D) plane

= the third dimension will be small compared to the othertwo sois negligible

= Any material/mass usedin the process tojoinrods (or wires) is negligible

How dol find the centre of mass of a framework?
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= |nshort, find the length and position of the centre of mass for eachindividual rod, then ,
treating these each as a particle with mass equal to the length of the rod, use the

equation ZmIII. =r Zmi to find the position vector of the centre of mass of the Yournotes

framework (Revision Note 2.1.1)
STEP1 Sketchadiagram, oraddto adiagramif one has been given
Create your own axes if necessary

Identify the different rods making up the framework

e.g.

ADD THE MIDPOINTS
OF EACH ROD TO THE
DIAGRAM

6 (2,613

STEP 2 Find the length and the position of the centre of mass of each rod using midpoints

List theresultsin a table to make the equation easier in the next step

Rod 2
Mass (Length) 8 6 10 24
X 2 5 5 X
¥ 6 10 6 v

The length of the diagonal rod (Rod 3) is found by Pythagoras’ Theorem,/ 8% + 62 =10
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STEP 3 Treat the midpoints as the positions of particles with masses the length of the rods. ,

Use Z mr, = rZ m, to find the position vector of the centre of mass (G) of the Your notes

framework.

Remember to give the final answerin the required format.
e.0. 8(21 +6j) + 6(51 +10j) + 10(5i+6j) = 24(xi+ yj)
24(xi+yj)=96i +168;
r =(xi+yj) =4i+7j
So the coordinates of the centre of mass (G) of the framework are (4, 7)
Looking back at the diagram this seems a sensible answer.

= Inthe example above X and ¥ could’ve been treated separately rather than use vector
notation

What if arod or wire is curved (circular)?

= |nMechanics 2if acurvedrod or wireis involved in a framework it will be in the shape of a
circulararc

] RecallthattheformulaefortheIengthofanarcis“] =1‘9”Wherelisthelength of the
arc, ristheradius and 6 is the angle at the centre measured in radians

= The formula for finding the position of the centre of mass of a circular arc is similar but
different to that for a sector of a circle lamina

CIRCULAR ARC . Angle dat centre is 2d.,r is the radius
(NOT a sector) i o is measured in radidns
+G
e i - The centre of mass (G) is located
\|:““~~E'k(§-$//l:/ a distance of
* rsinc

CENTRE o
(OF SECTOR) from the centre of the sector

This is given in the formulae booklet

= Thisis giveninthe formulae booklet

= Some questions may work with a circular arc only, some may work a sector of a circle
that would include the two radii

o

Worked Example
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Alight-up shop signis a framework made from two straight wires and one circular arc ,
wire creating the shape of a sector of a circle. The angle at the centre of the sectoris
Your notes

3

made from the same uniform material.

radians and the two straight wires are both 60 cminlength. All three wires are

(a) State the significance of all three wires being made from the same uniform
material.

(b) Describe the position of the centre of mass of the shop signinrelation to the
centre of the sector.

(a) State the significance of all three wires being made from the same uniform
material.

a) The three rods being made from the same uniform material is a
modelling assumption that means the mass per unit length for each
rod is the same at every point along its length and the mass per
unit length is the same for every rod.

This means the length of each rod can be used as its mass in
calculations to find the centre of mass of the framework

(b) Describe the position of the centre of mass of the shop signinrelation to the
centre of the sector.

Answer:
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b)  Step 1:

Step 2:

Radius

Sketch a diagram, add axes

Find the length and centre of mass for each rod

List results
Circular arc
"L=rg"

"rsinol"
8

G,
115, 1543 ")

in a table

T
length = 60, /6 = 1077

J
rsino. _ 605'm/6 180

Y T Kl
7

N]) The other
6051n/3 = 30’\]? radius should

be obvious!

Arc Radius1 Radius2 Whole

Mass

/ 07 |60 60 120 + 1071
Length

% 0 5 —15 %

v % 1543 1543 v

1, SaveMyExams
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This could’ve
been deduced
using symmetry

Step 3¢ Use ZmF, =FZm, to find the centre of mass of the
framework

1031(@

<+ 60 (151 + 15 3" +60 (=151 + 153 ")

= (120 + 10JN)(Xi + y))

10(TT+ 12)(%i + y)) = Oi + (1800 + 18003 ")
LF=(Xi+y) =180(4+V3 )] (32.478032..)
J+12

~ The centre of massof the shopsign lies 32.5cm (3 s.f.) vertically
(above) from the centre of the sector

We don’t know which way up the shop
sign is but in our diagram it is above O

s

Your notes

o

together.

1, SaveMyExams

Examiner Tips and Tricks

= The methods for finding the position of the centre of mass forasectorand a
circular arc are similar but different. Both are givenin the formulae booklet.
Ensure you are clear about which you are working with.

= Beware! The formula booklet lists the formulae forlaminas and frameworks

© 2026 Save My Exams, Ltd. Get more and ace your exams at savemyexams.com
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Obijects Suspended in Equilibrium 4

Your notes

Objects Suspended in Equilibrium

What is meant by objects suspended in equilibrium?

= Anobject canbe suspended at a fixed point by a string such that it is allowed to hang
freely and be in equilibrium (at rest)

= e.g.Asignhung from the ceiling of a shop by single rope (string)

= Anobject will either be a uniformlamina or a uniform framework
= Equilibrium means

= thereiszeroresultant (net) force acting on the object

= thereiszeroresultant (net) moments about the point of suspension
= Objects suspended in equilibrium have two forces acting onthem

= tensioninthe string (acting at the fixed point)

= weight(acting at the position of the centre of mass)

= Theseforcesact through a vertical line which passes through the point of suspension
and the position of the centre of mass

= Problems oftenrequire the angle that is created between this vertical line and an edge
of the object to be found

An object, suspended at a fixed point (O), at rest in equilibrium

= Alamina could be suspended at a fixed point from a vertex (as above) oralong an edge,
or, suspended by a point onits surface that it would then be able to pivot (rotate) around

= Alamina suspended at a pivot will have two forces acting onits

= reactionforce (acting at the pivot)
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= weight(acting at the position of the centre of mass)

= Aswiththe fixed-point scenario above, these forces will act through a vertical line which
passes through the point of suspension and the position of the centre of mass

A laming, suspended at a pivot (P), at rest in equilibrium

= The mathematicsinvolvedin finding the angle is the same for both the fixed-point and
pivot scenarios but you should be aware of the different phrasingin questions

How do | solve problems involving freely suspended laminas
and frameworks?

STEP1 Sketchadiagramoruse agivenone and add to it as you make progress
STEP 2 Findthe position of the centre of mass of the object
Ensure you know whetheryou are working with a
lamina or a framework and the differences in finding the
position of the centre of mass
STEP 3 Onyourdiagram, add the position of the centre of mass
Draw aline to represent the downward vertical

This will be a straight line connecting the point at which the body is suspended to the
point of the centre of mass

Identify the angle required
STEP 4 Use trigonometry to find the required angle

Interpret the result in the context of the problem and answer the question accordingly

o

Worked Example

4

Your notes
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As part of the setin a theatre production, alarge polystyrene letter Eis to be ,
produced and willhang above the stage by a single rope attached to the ceiling.
Your notes

b

L=

0 ' 4 ¢

The polystyrene letteris modelled as a uniform lamina and the rope ismodelled as a
lightinextensible string.

Find the angle the rope makes with the side PQ when the signis at rest and
suspended from the point P.

Answer:
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Step 1

Step 2:

Step 3:

Step 4:

©

1, SaveMyExams

Add to the given diagram and do this throughout your solution
This would be the diagram at the end

y 5_ 69 |61
Q 26 |26 P
6 o
3 X ©
6-35=25
4 5
._..__x._-_ rG_*_ P —
2
3%
0 2 4 6 X

Find the position of the centre of mass
The centre of mass lies on an axis of symmetry,so y=3.5

Splitting the shape into four rectangles, using their areas and
symmetry, only cosidering x—coordinates

5x15+3x35+2x3+3x35=X5+3+2+3)

z =89
x=25 (2.653846..)

Add the point of the centre of mass the vertical, and the
angle, &, to the diagram
Use trigonometry to find the required angle

tan €’ = 2.5
61
26

©° = 46.818302...
50 =468 (1d.p.)

Examiner Tips and Tricks

= Ensure you know whetheryou are working with a lamina or a framework.

= Once you have drawn the downward vertical line on your diagram turn your page
(ratherthan trying to sketchit) to get anidea of how the lamina or framework
would look like when suspended from the given point.

s

Your notes

© 2026 Save My Exams, Ltd. Get more and ace your exams at savemyexams.com
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Point of Tipping 4

Your notes

Point of Tipping
What is meant by point of tipping/toppling?

= These types of problemsinvolve alaminabeing placed along one of its edgesona
roughinclined plane

= The(main) modelling assumption here is that the frictional force between the plane and
the laminais sufficient such that the lamina will not slide (or slip) down the plane
(regardless of the angle of incline)

mg N mgNV

8° vmgN en 9
The (vertical) line the The (vertical) line the The (vertical) line the
weight force dcts through weight force acts weight force acts
passes through the edge of through passes through through passes through
the lamina that is in the vertex of the lamina an edge of the lamina
contact with the inclined closest to the point that is not in contact
plane where the plane meets with the inclined plane
Therefore the lamina will ~ the horizontal Therefore the Lamina
not topple and is at rest ~ Therefore the lamina will topple
in equilibrium is on the point of

tipping

How do | solve tipping/toppling problems?
STEP1 Sketchoradd anything useful to a given diagram

Define axes if necessary and add these to your diagram
= make the X-axis parallel to the plane

= make the y-axis perpendicular to the plane

= have the origin (O) at the vertex of the lamina thatis in contact with the plane and
closest to the point where the plane meets the horizontal (“bottom left”)

= Addto the diagram as you progress through the question
STEP 2 Find the position of the centre of mass (G) of the lamina; use your diagram,
axes and symmetry (where possible) to help

The lamina may be a standard shape or a composite lamina
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Add the position of the centre of mass to your diagram; also add a downward ,
vertical line (that weight acts through) but you cannot use your diagram to Your notes
accurately determine whether the lamina will topple
STEP 3 Use trigonometry (A new diagram of aright-angled triangle with OG as the
hypotenuse can help) to determine the angle at which the lamina would be
on the point of tipping

STEP 4 Interpret the result in the context of the problem and answer the question

accordingly
(
Worked Example

A symmetrical T-shaped laminais made from two congruent 12 cm by 4 cmrectangles
manufactured from the same uniform material.

. . . f o
Thelaminais placed onaplaneinclined at an angle of 0° as shown below.

90

Determine the maximum angle that the plane can be raised to before the lamina will
topple. Youmay assume that the frictional force between the lamina and the planeis
sufficient to prevent the lamina sliding down the plane.
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Answer: ,

) ) ) Your notes
Step 1 Add to the given diagram and define axes

The positive x—axis runs parallel to and up the inclined plane
The positive y—axis runs perpendicular to and above the
inclined plane

The origin, 0,is the "bottom left' vertex of the lamina

Step 2: Find the position of the centre of moss of the lamina
Use your diagram, and symmetry to help
By symmetry. G,(6, 2)
G, (6, 10)
xX=6
Using Zmy, =y2m,
(4x12)x2 + (4x12)x10 = y(4x12 + 4x12)
96y =576
y=6
Position of the centre of mass is G(6,6)

Add this to the diagram with the downward vertical line
weight dcts through

Step 3: Use trigometry to determine the angle at which the lamina
is on the point of tipping
Sketch a right angled triangle with hypotenuse OG

tan 6 = %
6" = 45°
0
Step 4: Interpret the result and answer the question

The maximum angle that the plane can be rdised before
the Lamina will topple is 45°

Examiner Tips and Tricks
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= Whilst a diagram (sketched or given) will help you work through the stages of your ,
solution, you cannotrely onit to accurately determine whether the (downward
vertical) line that weight acts through passes through the edge of the laminain Your notes
contact with the plane.

= |f defining your own axes, have the x-axis and the y-axis parallel and
perpendicular to the plane, with the origin on the “bottom left” vertex of the
lamina.
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Non-uniform Objects & Other Problems ,

Your notes

Non-unform Objects & Other Problems

What is meant by a non-uniform lamina/framework?

= Strictly speaking a non-uniform lamina would be one that has different densities at
different points onits surface and a non-uniform framework would be one thatis made
fromrods/wires that have different densities along their lengths.

= e.g.aplankof wood (timber) may have knotsin places onits surface

= However, for the problems you encounterin AL Mechanics 2 non-uniform means each
individual lamina making a composite lamina may be of a different density but each
individual lamina is uniform

= Similarly, for a framework, each individual rod/wire will be uniform, but the framework
may be made fromrods/wires of different densities.

What other problems may | encounter in IAL Mechanics 2
(M2)?

= Non-uniform problems

= Non-uniform (composite) laminas may be created by having uniform laminas
overlapping each other or by taking part of alamina and folding it back upon itself

= Non-uniform frameworks would be made from rods/wires that have different (but
related) densities or thickness

= Therelationship between the different densities will be explained in a question

= e.g.partof a(uniform)lamina folded back onitself creates an area of double
density

= e.g.one cableinaframeworkis twice the thickness of the others

= |Insolving problemsremember, due to uniformity, we use can use area (laminas) and
length (frameworks) rather than mass - so if we have double density, we double the
area/length where necessary

= Anothertype of problemis where alamina or a framework have an object (or masses)
attached to them.

= This will affect the position of the centre of mass of the lamina or framework

= e.g.aframework made from metalrods could be holding up spotlights above a
stage and so have lights (masses) attached to some (or all) rods

= Problems may involve laminas or frameworks being suspended by more than one string
to keep theminaparticular position

= e.g.Asignhanging from a ceiling that needs to be pointing directly left
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= Such problems normally involved finding the position of the centre of mass and/or ,
the tensionin the strings, using skills from various parts of the mechanics course

Your notes
T,N
’ — T,N
A square lamina has a A triangular framework An object held in
triangular corner folded has three masses located equilibrium by two
back on itself at the midpoints of each strings
rod/wire

o

Worked Example

Arectangular uniform lamina has one edge folded back uponitself as shownin the
diagrams below.

4 y

10 10

8 8

6 — P Q
4 4

2 2

Ol 2 4 6 8 10 ¥ 0O 2 4 6 8 10 X

(a) Find the coordinates of the centre of mass of the folded lamina

(b) The folded laminais suspended from a ceiling by two strings attached at the points
Pand Q. The folded lamina remains horizontal in equilibrium. Find the tensionin the
two strings.

(a) Find the coordinates of the centre of mass of the folded lamina

Answer:
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a) Add anything useful to the diagram ,

When folded, there will still be a horizontal line of symmetry, Your notes
so the centre of mass will lie on the line y=3 i.e. y=3

Y

10

»
19
o
N

< 2> 6
0 2 4 6 8 10 X

For the x—coordinate, use 2m;x, = X2m, remembering to use area for
mass (for Laminas) and that the area will be double for the folded
part

Folder part: A=2x2x6=24
CoM, G,, by symmetry is (3,3)
Other part: A=6x6=36
CoM, G,, by symmetry is (7,3)
S 24x3+36x7 =%(24 + 36)
x=5.4
The coordinates of the centre of mass of the folded Lamina are (5.4, 3)

(b) The folded laminais suspended from a ceiling by two strings attached at the points
P and Q. The folded lamina remains horizontal in equilibrium. Find the tensionin the
two strings.

Answer:
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b) TN TN ,
P

Q G(5.4,3) Your notes
m=24+36=60

\l/mg N

Resolving forces, vertically (N: T,+ T, = 60g
Moments about P(£):(5.4 — 4)x60g — (10 — 4)xT,=0
ST, =149

= T, =60g — 14g = 46¢

< Then tension in the string at P is 46gN and the tension in the string
at Q is 14gN

=

Examiner Tips and Tricks

= Ensure you know whetheryou are working with a lamina or a framework.
= Folded and overlapping laminas may form shapes that have axes of symmetry
which can cut down the work in finding the position of the centre of mass.
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