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Horizontal & Vertical Components /

Your notes

Horizontal & Vertical Components
Whatis a projectile?
= Aprojectileis aparticle moving freely, under gravity, in a two-dimensional plane
= Examples of projectile motioninclude
= Sports such as basketball, javelin, archery, etc

= Computergames suchas Angry Birds

THIS SKETCH COULD
BE USED TO MODEL
A FOOTBALL BEING

KICKED GROUND
THIS SKETCH COULD

MODEL AN ANGRY ood

BIRD BEING PROJECTED| [ [0 I

FROM THE TOP OF A | BUILDING

BUILDING AT A PIG ON |:| H D

THE GROUND SROUND

Modelling assumptions with projectiles?
= The modelling assumptions with projectiles are
= No airresistance, no horizontal forces
= The projectile moves freely under gravity (no other vertical forces)
= |[gnore spin and the rotation of the projectile

= Motionis symmetrical along the path of a parabola

What is the acceleration of a projectile?

= Asitis 2D there will be a horizontal component to acceleration (a,) and a vertical
component (ay)
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There will be no horizontal acceleration (ax = 0) ,
= Noforces are acting horizontally Your notes
= Horizontal speedis constant

There will be constant vertical acceleration (due to gravity, ay = £ g)

ay may be positive or negative depending onwhich directionis taken as positive

The acceleration can be written as 2D vector

= (0i — gj) ms™2

What is the initial velocity of a projectile?

Asitis 2D there will be a horizontal component to the initial velocity(uy) and a vertical
component (uy)

A projectile is launched with initial speed Um s ™' at an angle 0 to the horizontal
= |fitis projected below the horizontal then 6 would be negative

1 is avector with:

[tsinitial velocity,um s~
= horizontal component, uy = U cosO
= vertical component, uy = Usin®

The initial velocity can have a positive or negative vertical component as an object can
be projected upwards or downwards

Worked Example

Aprojectileis launched at an angle of 25° to the horizontal with speed 5ms™'.
Find theinitial velocity, ums™', of the projectile.

Answer:
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Draw a sketch

u,= Dcos2b = 4.531
u,= 5sin25 = 2.113

U=(5c08251+5sin25))ms™"=(4531+ 2411 ms* (3sf)

Examiner Tips and Tricks

= Sometimes they may give you the initial velocity as a vector already. To find the
initial speed you would find the magnitude of the initial velocity and to find the
angle of projection you could sketch a diagram and use trigonometry.

= The horizontal speed is always constant so there will never be a point during the
motion when the speed of the object is zero. Its minimum speed will be at its
maximum height whenits vertical velocity is instantaneously zero.
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Using suvat 4

Your notes

Using suvat with projectiles

How dol use the suvat equations in projectile
problems?

a,=0
—>

= Forprojectile motion with accelerationam s=2 and initial velocityums™!
= ay=0,ay=xg(depending onwhichdirectionis positive)
" uy=Ucosf,uy=Using

= Accelerationis constant so the suvat equations apply

= Projectile motionis2D so s, u,vandaare vectors

= 1D suvat formulae can be applied to the directions separately

(Note the formula v2 = u? + 2as still appliesin 1D)
= Rememberthat accelerationis different for each direction

= a, =0sothesuvat formulae reduce to horizontally

How do | solve problems involving the maximum
height?
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MAXIMUM HEIGHT | ,
Avy=0 Your notes

MAXIMUM
HEIGHT

RANGE

\%

o LAUNCH

= Projectile motion follows a symmetrical curve (a parabola)

= Therefore there will be a maximum height that the projectile reaches

= Atthe maximum height
= Horizontal velocity, vy m s™1, will be the same as the initial horizontal velocity uy
= Vertical velocity, vym s 'willbe instantaneously zero

= |f the projectile launches and lands at the same height then the horizontal distance
to the maximum height is half of the range of the projectile

= Time tis the parameter that will be the same for both the horizontal and vertical
components

How can projectiles questions be made harder?
= You willneed all your skills from your previous work with suvat
= Speedisthe magnitude of velocity and can be found by using Pythagoras’ Theorem
= Agoodunderstanding of the relationship between distance and displacement

= Simultaneous equations

Finding the point of intersection of two projectiles

= Sometimes the launch andlanding points will be at different heights such as if a stone is
thrown from the top of a cliff into the sea

= Think carefully about the vertical displacement from the start to the end

= Youmight get asked to use the model of a projectile to decide whether an object
passes over a certain height

= Find the time taken to travel the horizontal distance and use this to find the maximum
vertical height of the projectile

o
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Worked Example

s

Astoneis thrown from the top of a building whichis 8 m tall. The stone is projected Your notes
with speed 7 ms'atan angle of 60° to the horizontal. The stone is modelled as a

particle and air resistance isignored.

(a) Find the maximum height above the ground that the stone reaches.

Answer:

Draw a sketch

7sin60| 747

oo
Building

I:||_|I:|

7cos60

a) At maximum v, =0

Use suvat vertically M

s=s u= 7sin60
vZ=u?+ 2as
0 = (7sin60)* - 2gs

(7sin60)”
§s= —

29 =1.875

Add displacement to the height of the building

8 +1.875=09.875

Maximum height above ground = 9.88 m (3 sf)

(b) Find the time taken for the stone to hit the ground.

Answer:
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b)  Vertical displacement from start to end is —8m
Your notes

Use suvat vertically M

Il
o+

s=-8 u = 7sin60 a=—g t

1 .2
=yt + —at
s 2

-8 = (7sin60)t — % gt’
1 2 .
5 gt — (7sin60)t —8=0

Solve the quadratic

t=2.0382... or t=-0.8010... x Reject as time
can’t be negative

Time = 2.04 s (3sf)

(c) Find the horizontal distance from the building to the point where the stone lands.

Answer:

c) Horizontally speed is constant so suvat becomes sut

s5=s u=7cosb0 t= 2'0382'"&% Use full answer from (b)
s=ut

s = (7cos60) x 2.0382... =7.1337...

Horizontal distance =7.13m (3 sf)

=

Examiner Tips and Tricks

= Always draw a diagram and add to it as you work through the question. Make it
clearwhich directionyou are using as positive.

= Questions could ask you to find the speed at aninstant, to do thisrememberto
first find both components of the velocity and then find the magnitude of the
velocity.

= Not all projectiles are projected upwards, for example a cannonball fired from the
turret of a castle aimed at an enemy on the ground!
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Equation of a Trajectory 4

Your notes

Equation of a trajectory

Whatis the trajectory of a projectile?
= The trajectory of a projectile is the pathit follows during its motion
= The modelling assumptions meanitis symmetrical
= [tfollows apathcalled aparabola

= Sofar,motion has been described using the suvat formulae and we have produced
parametric equations with time as the parameter

= A Cartesian equation links the horizontal (x) and vertical (y) components of the
displacementy =f(x)

How do | find the equation for the trajectory of a
projectile?

= Uistheinitial speed of the projectile at an angle of 8° to the horizontal

| TRAJECTORY OF A PROJECTILE |

(x,y) _
? Gy_ g
T y $

Uy A B
Oﬁux
(X _[Yx| _[Ucosb (0 B
*Zly] YT lu) T Usine 9= 1-g et

HORIZONTALLY: s=ut
x =(UcosB)t @

VERTICALLY: s=ut + %atz
y = (Usin®)t — %gt2 )
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REARRANGE @: t=—X 4

" Ucosb Your notes
o _Wsine)x 1 [ x Y
SUBSTITUTE INTO @: y = Ucost 29 Ucost
gx?
SIMPLIFY: y = x tanf — ———
2U%cos?6

THIS IS THE GENERAL EQUATION FOR
A PROUJECTILE’S TRAJECTORY

o

Worked Example

Aparticle is projected from a point on horizontal ground at a speed of Vms-'at an
angle a® to the horizontal. The trajectory of the particle is given by the equation

gx?

= xtan q— —=——
Y 2V2 cos2a

where y is the vertical height of the particle and X is the horizontal distance travelled
by the particle.

(a) State two assumptions that have been made.

(b) Inthe casewhen V=16 ms'and a=70° find, to three significant figures, the
height of the particle afterit has travelled 12 m horizontally.

Answer:

a) o Apart from gravitational forces, there dare no vertical
forces such as air resistance
e There is no spin/rotation on the particle

These are not the only two that you can mention

b) Substitute in all the values
V=16 «=70 x=12

gt12)?

y=12tan70 - ———
2(16)cos270

y =9.4075...

Height = 9.41m (3 sf)
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o Your notes

Examiner Tips and Tricks

The steps are always the same so the only way the questions can be made difficultis
forthem to use confusing letters. They could use similar letters to suvat including
capital letters. Alternatively, they could use unusual letters like a, instead of 6, for
angles.

= Make sure you show enough working out to convince the examiner that you know
the steps especiallyifitis a "show that" question.
= Sometimes you might have to use trigonometric identities from pure maths.
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Deriving Projectile Formulae 4
Your notes

Deriving projectile formulae

What projectile formulae do I need to be able to
derive?
= |Inthe previous notes the equation of the trajectory of a particle was derived

= (Otherequationsyouneedto be able to derive are

i i 2Usin 0
« time of flight (between launch and land) = ———
, L Usin 26
« the (horizontal) range of the projectile = T
, i . Usin 0
= the time taken to reach the maximum height = ———
. , U?sin26
= the maximum height = 2—g

= These are derived using the suvat equations

= Whilst you do not need to memorise every step of the derivations, you should
concentrate on the methods used and know how to approach each one

= Thereis noworked example with this revision note, instead see if you can use your
knowledge of the suvat equations as well as geometrical and algebraic reasoning to
derive the above equations before reading on

MAXIMUM HEIGHT |

vy, =0

MAXIMUM
HEIGHT

RANGE >

N

o LAUNCH

How do | derive the projectile formulae?

= Aparticleis projected with speed Ums™' at an angle of 8° to the horizontal
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= All of the derivations assume that: ,
= thelaunching andlanding site are at the same vertical level Your notes
= the projectile travels over horizontal ground

= thereare noforcesacting onthe particle other than the force due to gravity

X B Ucosb B Ucosb 3 0 3
S=lyl YT Using V= vy a=|_g/ t=t

| TIME OF FLIGHT |

PROJECTILE RETURNS TO GROUND: y=0

VERTICALLY: s=ut + —+at?

2
0 =(UsinB)t — 1 gt2
2
FACTORISE: 0 = t (Usin — %gt)
SOLVE: Usind — 4 gt=0 OR t=0

2
THIS IS
2UsinB THE START

REARRANGE FOR t: t g

| RANGE OF THE PROJECTILE |

TIME OF FLIGHT: t= 2Ugs'"9
HORIZONTALLY:  s=ut
x = (Ucosb) (2U5‘”9)

e 2U25in9 cosh

SIMPLIFY: g

USE A TRIG IDENTITY: 2sinb cosb =sin26

U%in26
X=—g—
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memory.
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| TIME TO MAXIMUM HEIGHT |

MAXIMUM HEIGHT: v, =0

VERTICALLY: v=u+at
0 =Usinb — gt
REARRANGE FOR t: t= %

[ MAXIMUM HEIGHT |

MAXIMUM HEIGHT: v, =0

VERTICALLY: v2= 2 + 2as
0 = U%in?6 — 2gy
2. 2
REARRANGE FOR y : v = U;—';‘e

Examiner Tips and Tricks

= Always draw a sketch!

= Thetrickiest partabout thisis the algebra so do not rush these questions as thatis
when you are more likely to make mistakes.

= Make sure you can follow the derivations above as they could be asked. After
reading through this revision note practice replicating the derivations from

4

Your notes
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