
Questions 
 
Q1. 
  

The curve C has parametric equations 

x = θ – tanh θ,     y = sech θ     0 ≤ θ ≤ ln3 

(a)  Find 

(i)   

(ii)   
(2) 

The curve C is rotated through 2π radians about the x-axis.  

(b)  Find the exact area of the curved surface formed, giving your answer as a multiple of π. 

(5) 

  

(Total for question = 7 marks) 
Q2. 
  

The curve C has parametric equations 

x = cosh t + t,     y = cosh t – t     0 ≤ t ≤ ln3 

(a)  Show that 

 

(3) 

The curve C is rotated through 2π radians about the x-axis. The area of the curved surface generated is 
given by S. 

(b)  Show that 

 

(2) 

(c)  Hence find the value of S, giving your answer in the form 

 

where a and b are constants to be determined. 
(7) 

  

(Total for question = 12 marks) 

  



Q3. 
  

Without using a calculator, find 

(a)  , giving your answer as a multiple of π,  

(5) 

(b)  , giving your answer in the form p ln (q + r  ), 

where p, q and r are rational numbers to be found. 

(7) 

  

(Total for question = 12 marks) 

  

 
 
Q4. 
  

Given that y = artanh(cos x) 

(a)  show that 

 

(2) 

(b)  Hence find the exact value of 

 

giving your answer in the form a ln(b + c ) + dπ, where a, b, c and d are rational numbers to be found.  

(5) 

  

(Total for question = 7 marks) 

  

 
 
 
 
 
 
 
 
 
 
 
 



Q5. 
  

 

Figure 1 shows part of the curve C with equation 

 

The point P and the point Q lie on the curve. The point P has x coordinate –3a and the point Q has x 
coordinate 3a. 

(a)  Find the length of the arc PQ, giving your answer as a multiple of sinh a. 

(5) 

Given that the length of the arc PQ is 12 

(b)  show that the x coordinate of Q is , where p and q are integers to be found, 

(2) 

(c)  show that the y coordinate of Q is  where r and s are integers to be found. 

(2) 

  

(Total for question = 9 marks) 

  

 
 



Q6. 
  

 

(a)  Show that, for n ≥ 2 

nIn = sinh x coshn – 1x + (n – 1) In – 2 

(6) 

(b)  Hence find 

 

(4) 

  

(Total for question = 10 marks) 

  

 
 
Q7. 
  

In =  coshnx dx,     n ≥ 0 

(a)  Show that, for n ≥ 2, 

nIn = sinh x coshn−1x + (n − 1)In−2 

(6) 

(b)  Hence find the exact value of 

 cosh5x dx 

(4) 

  

(Total for question = 10 marks) 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q8. 
  

 

Figure 1 shows the curve C with parametric equations 

x = 2cosθ − cos 2θ, y = 2sinθ − sin 2θ ,          0 ≤ θ ≤ π 

(a)  Show that 

 

(5) 

The curve C is rotated through 2π radians about the x-axis. 

(b)  Find the area of the surface generated, giving your answer in the form kπ, where k is a rational 
number. 

(5) 

  

(Total for question = 10 marks) 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q9. 
  

(a)  Show that, under the substitution x =  sinh u, 

 

where k is a constant to be determined. 
(6) 

(b)  Hence show that 

 

where p and q are rational number to be found. 
(5) 

  

(Total for question = 11 marks) 

  

 
 
Q10. 
  

The curve C has parametric equations 

x = 3t4, y = 4t3,     0 ≤ t ≤ 1 

The curve C is rotated through 2π radians about the x-axis. The area of the curved surface generated is 
S. 

(a)  Show that 

 

where k is a constant to be found. 
(4) 

(b)  Use the substitution u2 = t2 + 1 to find the value of S, giving your answer in the form pπ (11  − 4) 
where p is a rational number to be found. 

(7) 

  

(Total for question = 11 marks) 

  

 
 
 
 
 
 
 



Q11. 
  

 

(a)  Show that, for n≥ 1 

 

(5) 

(b)  Hence show that 

 

where p is a rational number to be found. 
(5) 

  

(Total for question = 10 marks) 

  

 
 
Q12. 
  

(a)  Find 

 

(5) 

(b)  Hence find the exact value of 

 

giving your answer in the form , where p and q are rational numbers to be found. 
(3) 

  

(Total for question = 8 marks) 

  

 
 
 
 
 
 
 
 
 
 
 



Q13. 
  

The curve C has parametric equations 

x = θ − sin θ,      y = 1 − cos θ,      0 ≤ θ ≤ 2π 

The curve C is rotated through 2π radians about the x-axis. The area of the curved surface generated is 
given by S. 

(a)  Show that 

 

(4) 

(b)  Hence find the exact value of S. 

(6) 

  

(Total for question = 10 marks) 

  

 
 
Q14. 
  

Find 

(a)   

(3) 

(b)   

(4) 

  

(Total for question = 7 marks) 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q15. 
  

     where k is a constant and  

(a)  Show that, for n ≥ 2 

 

(7) 

(b)  Hence find the exact value of 

 

(5) 

  

(Total for question = 12 marks) 

  

 
 
Q16. 
  

 

(a)  Show that, for n ≥ 2 

In = xn sin x + nxn–1 cos x – n(n – 1)In–2 

(4) 

(b)  Hence find the functions f(x) and g(x) such that 

 

where c is an arbitrary constant. 
(5) 

  

(Total for question = 9 marks) 

  

 
 
 
 
 
 
 
 
 
 



Q17. 
  

 

(a)  Show that, for n ≥ 2 

 

(5) 

(b)  Hence, or otherwise, find 

 

giving your answer in terms of cot x. 
(4) 

  

(Total for question = 9 marks) 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Examiner's Report 
 
Q1. 
  
Differentiation of x = θ − tanhθ and y = sechθ with respect to θ was generally successful though −sech2θ 
and + sechθ tanhθ were seen. A few students used a variable x for θ in their answers. The correct surface 
area formula was generally used and most students substituted their derivatives correctly. A number of 
students found the simplification to sechθ tanhθ quite challenging. 

A few solutions used the  approach but then failed to replace dx with . 
Quite a few solutions wrote ∫ sechθ tanhθ dθ = sechθ and were unable to explain why the final answer 
was –0.8π. 
A few examples were seen where 2π was used as one of the limits. Some students need to show more 
working when evaluating their limits so that, in particular, the correct use of the limit x = 0 is evident. 
  
Q2. 
  

 

  

 
 
Q3. 
  

(a) was usually correct, even if some students made life difficult for themselves by using the substitution x 
+ 2 = 3tant rather than quoting the standard integral result. The 4x2 in (b) proved to be much more of a 

problem. Many simply divided the whole expression by 4 and integrated . Those who 
completed the square correctly to get (2x − 3)2 + 25 then often lost the necessary half on integration. 

Use of limits and logarithmic form were usually correct but those who tried to rationalise the denominator 
within their logarithm quite often failed to do so correctly. 



 

Q4. 
  

(a) was generally well done by the majority of students. Most students used the chain rule directly, some 
used the substitution u = cos x and correctly obtained the given result. Other students rearranged to get 
tanh y = cos x and differentiated implicitly though, and while a few did not substitute for sech2y to obtain 
an expression in x, most were able to rearrange to obtain the given result, showing all the necessary 
steps in their working. 

Many excellent solutions were seen to this part of the problem. Some students tried to use integration by 
parts in the wrong direction and made no progress. They seldom realised the need to restart with "u" = 

artanh(cos x) and . The most common error here was to lose the factor of ½ when using the 
ln form of artanh x. This happened most frequently when students tried to miss lines of working and jump 

directly from their integral  to substituting the limits and writing in the ln form in 
a single step. 

  

 
 
Q5. 
  

This arc length question produced a slightly more mixed response. In part (a) most obtained the correct 

 and used the correct formula to reach the correct integrand. A common error was to integrate cosh  

into  sinh  rather than 3sinh . Some who used 3a and –3a as limits did not give their answer as a 
multiple of sinh a, leaving it as 3sinh a – 3sinh (–a). Most went on in part (b) to use the given arc length to 
obtain a value for the required x-coordinate of 3a. In (c), the majority successfully obtained a value of the 
y-coordinate of 3cosh a using the exponential definition of cosh with only a small number unable to obtain 

it in the right form. The more direct route of using 3cosh  was not widely seen. 

  

 
 
Q6. 
  

This reduction formula question saw good scoring for the most part. In part (a), most sensibly opted for 
Way 1, performing the "split" correctly and applying parts in the correct direction. The most common error 
occurred when differentiating coshn – 1x, obtaining (n – 1)coshn – 2x rather than (n – 1)coshn – 2x sinh x. 
Those who obtained the required sinh2x invariably replaced it with the correct cosh2x – 1. A few sign 
errors were seen but most who scored the first three marks had little difficulty reaching the given answer 
correctly. Those who used the Way 2 "split" were far more likely to encounter difficulties such as knowing 
how to apply parts correctly to integrate sinh x sinh x coshn – 2x. 

It was common to be awarding marks in part (b) even for those who made little progress in (a). Most used 
the reduction formula twice and obtained the correct I0. Only a small number found I2 directly. Errors 
usually revolved around slips with bracketing leading to incorrect coefficients. 

  

 
 
 



Q7. 
  

Many correct proofs were seen in part (a). The most common approach was to write coshn x as coshn−1x 
cosh x and then attempt parts although a significant number of students differentiated coshn−1x as (n − 
1)coshn−2x and potentially lost a significant number of subsequent marks. Some students wrote coshnx as 
cosh n−2x cosh2x and then used cosh2x = 1 + sinh2x and proceeded correctly. A significant minority of 

students incorrectly attempted parts using  and some students failed to give a convincing proof 
because one or more vital steps were missing. 

Students often applied the reduction formula well in part (b) although there were some arithmetic slips 
and very occasionally the reduction formula was applied as In = sinh x coshn−1x + (n − 1)In−2 rather than nIn 
= sinh x coshn−1x + (n − 1)In−2. 

  

 
 
Q8. 
  

Part (a) was potentially a source of 5 easy marks for many students. The majority found correct 
derivatives although there were some sign and coefficient errors. Those with correct derivatives could 
usually establish the printed result although quite a few got lost with the trigonometry or made minor slips. 
Success in part (b) was varied and it was quite often the case that once students had reached 

 they could not see how to proceed. 

Students often split the integral into two and made failed attempts to integrate by parts. Those who 
eliminated the double angle often made further progress and there were other successful methods 
employed such as the use of half angles and integration by substitution. This part discriminated well. 

  

 
 
Q9. 
  

Many students scored well on this question. In part (a), the substitution of x = sinh u was usually sound 
and a fully correct substitution was frequently seen. Attempts to simplify were also usually accurate 

although some students struggled to simplify  correctly. Many students could 
obtain an integrand that was a multiple of sinh2u but sometimes lost the factor of ½ when using the double 
angle identity. 

Many students could make progress in part (b) with or without a correct value for k and could obtain an 
expression of the required form. The correct u limits were frequently seen although some students used x 
limits throughout. 

  

 
 
 
 
 
 



Q10. 
  

The derivatives in (a) were almost always correct, though a few students got no further than this. The 

majority quoted/ used a correct formula, though it occasionally lacked a y. Those who used  
managed to negotiate their way to the required form. Successful factorisation usually followed, so it was 
usual for those who progressed beyond the basic derivatives to score full marks. 

Puzzlingly in (b) u2 = t2 + 1 sometimes led to t2 = u2 + 1. Other than this, differentiation was, again, usually 

correct though very complicated versions resulting from  were common. It 
was no surprise that substitution of "dt" caused problems either by being upside down or by being simply 
changed to "du", but a significant number successfully completed to the correct integral in terms of u. 

From here, some used integration by parts and were occasionally successful, while those who tried to 
expand and integrate were sometimes puzzled by the u2 in (u2 −1)2. New limits were usually found 
correctly but the bottom one seemed to revert back to 0 from time to time. 

For those who had navigated everything else successfully, the final hurdle was to factorise their 
expression to the required form. As with (b), there was often a lack of appreciation that we can't simply 
multiply/divide at will when an expression does not equal 0, so it was quite common to simplify the 
fractions by multiplying by the common denominator. 

  

 
 
Q11. 
  

Many students found (a) of this question challenging. There were many cases where (a) or the whole 
question was not attempted. There were also many cases of students trying to integrate in (a) by first 
writing tanh2nx as 1 × tanh2nx or tanh2n − 1x tanh x. The cases of it being written tanh2nx = tanh2(n−1)x tanh2x 
were in the minority. In the main students who started off by using one of the incorrect expressions did not 
go on to try an alternative. Of those students who did write tanh2nx as tanh2nx tanh2(n − 1)x tanh2x some 
then made no further progress. Many did substitute tanh2x = 1 − sech2x and split their expression into 2 
integrals, however they then did not recognise this as the derivative of tanh2n−1x and tried to integrate 
tanh2n−2xsech2x by parts. While, of course, this is possible many mistakes occurred on the way. 

Attempts at (b) were much better and there were many students who were unsuccessful in (a) who went 
on to complete (b) with full marks. The most common errors here were using n = 4 rather than n = 2 and 
sign errors if students calculated I1 rather than I0. 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q12. 
  

This proved a challenging question for many students. In part (a) the idea of splitting the integrand into 
two separate terms was not well-known and so students achieved very few marks for the whole question. 
Of those who did split the integrand there were many perfect solutions seen with only a minority having 
problems with the various powers and square root terms. The alternative substitution method was rarely 
seen but of those who chose this route there were many completely correct solutions seen. Some tried to 
integrate by parts and were unable to progress very far. Arcsin was usually obtained by students with the 
odd slip up with either p or q. The other part of the integral was nearly always reached but a minority of 
students gave a function of ln rather than a square root. 

Part (b) was dependent on part (a). Most students used a sound method but errors in part (a) led to a 
failure to gain the A marks here. 

  

 
 
Q13. 
  

In part (a), students could apply the formula for the required surface area producing a majority of perfectly 
correct solutions. 

However part (b) proved very difficult with very few correct solutions seen. Indeed there were a lot of 
students who left this part blank which may have been due to the lack of time. Those who chose to 
express the integrand in terms of a sine function of the half angle could then usually proceed to a correct 
answer.  
There were attempts at solutions seen in which a calculator had clearly been used to get the area as no 
working was shown and these gained no credit. Many started part (b) using a substitution but mainly 
substituting incorrectly. Very few substituted u = 1 − cos θ and those who did generally failed to achieve 
an expression in terms of u only as they did not replace dθ correctly. A novel method used once that 
substitution had been done was to rewrite the numerator as −(2 − u − 2) and then proceed to split the 
integrand. This avoided the use of integration by parts. Very few students brought part (b) to a correct 
conclusion. 

  

 
 
Q14. 
  

The two integrations required here were completed successfully by the vast majority. It was rare to see 
any candidate attempt to progress without first completing the square for the quadratics. Full substitutions 

were not common with most using the forms from the formula book. The multiplier of  was occasionally 
missing in final answers to part (a). Part (b) saw slightly more errors – often from the erroneous extraction 
of a minus sign beyond the square root and arithmetic errors when attempting to complete the square. 

  

 
 
 
 
 
 
 
 
 



Q15. 
  

A large number of students made no progress as a result of splitting the integrand as xn and . 

Students splitting as xn – 1 and  generally applied the integration by parts method correctly. The 

next hurdle was to write  as . Solutions which managed this generally continued to 
produce a fully correct solution. A few students copied the answer from the question when it bore no 
resemblance to preceding work. 

Evaluation of I5 was attempted by most students in part (b) but sometimes careless arithmetic led to the 
wrong fractions in the formula linking it to I3. The problem was overcomplicated by some students not 
writing k = 1 at the beginning. 

Students who approached in the order I5, I3 I1 generally proceeded well until they evaluated I1;  
was often not achieved. Evaluation of I1 was frequently seen as 2 with the use of lower limit x = 0 omitted. 
Combination of the various results frequently had bracketing errors and so only a few solutions reached a 

final answer of . 

Students working in the order I1, I3 then I5 often ended up substituting limits twice into part of the 
expression. 

  

 
 
Q16. 
  

 

  

 
 
 
 
 
 



Q17. 
  

Proof of the reduction formula in part (a) was challenging for a very high proportion of the students and 
many failed to score any marks here. 

Quite a few attempted to split the expression cosecn−2x as cosecn−1xcosecx and integrate by parts. They 
soon realised that further progress was impossible. 

Many students identified a suitable split as cosecn−2x cosec2x and proceeded to integrate by parts. Lack of 

a starting formula or specific reference to the four parts  (or f, g, f ′ and g′) meant it was 
difficult to be sure a correct method was employed. Three negative quantities were involved and many 
solutions tried to simplify before writing down the complete expression. Many students realised the need 
to replace cot2x with cosec2x − 1 though sign errors in the formula were not unusual. Students reaching 
this point generally recognised how In and In−2 appeared and further progress was made.  

An alternative strategy favoured by a number of students was to replace cosecn−2x cosec2x with 
cosecn−2x(1 + cot2x). Few following this method were then able to split up and integrate by parts. 

In part (b) most student managed to score marks for the evaluation of I4 and there were a large number of 
correct solutions. Few errors were made in applying the reduction formula to express I4 in terms of I2. 

Evaluation of I2 was well done when approached as  though a few solutions using the 

reduction formula for a second time thought that  was needed when it should have been 
multiplied by zero. The formula cot2x = cosec2x − 1 was occasionally incorrect or not used. A few 

solutions left  in the final answer. 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Mark Scheme 
 
Q1. 
  

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q2. 
  

 



 

 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Q3. 
  

 

 

 

 

  



Q4. 
  

 

 

 

  

 
 



Q5. 
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Q12. 
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Q17. 

 

 

 


