Questions
Q1.

The curve C has parametric equations
x=0-tanh®, y=sechf 0<6<In3
(a) Find
dx
@) do
dy
iy do
The curve C is rotated through 21 radians about the x-axis.

(b) Find the exact area of the curved surface formed, giving your answer as a multiple of 1.

(Total for question = 7 marks)

Q2.

The curve C has parametric equations

x=cosht+t, y=cosht—-t 0<t<In3

(ﬂ) + (d—‘) = 2cosh’?
dr ds

The curve C is rotated through 21 radians about the x-axis. The area of the curved surface generated is
given by S.

(a) Show that

(b) Show that

In3
S = Zﬂ\/Q_J (coshzt - tcosht)dt
0

(c) Hence find the value of S, giving your answer in the form

o .
(a+bIn3)

9

where a and b are constants to be determined.

(Total for question = 12 marks)



Q3.

Without using a calculator, find

1
1
J Faeaia
(@) J2X T 4x +13 , giving your answer as a multiple of r,

4
1
J. — — dx _
(b) ¥ V4x —12x+34  giving your answer in the form pIn (g +r ~/2),

where p, g and r are rational numbers to be found.

(Total for question = 12 marks)

Q4.

Given that y = artanh(cos Xx)
(a) show that

dy
— = —cosec x
g

(b) Hence find the exact value of
J‘ cosx artanh(cosx) dx
0

giving your answer in the form a In(b + cv/3) + drr, where a, b, ¢ and d are rational numbers to be found.

(Total for question = 7 marks)



Q5.

YA

=V

Figure 1

Figure 1 shows part of the curve C with equation

The point P and the paoint Q lie on the curve. The point P has x coordinate —3a and the point Q has x
coordinate 3a.

(a) Find the length of the arc PQ, giving your answer as a multiple of sinh a.
Given that the length of the arc PQ is 12

3111(]) - \/5)

(b) show that the x coordinate of Q is , where p and q are integers to be found,

(c) show that the y coordinate of Q is ?'\/; where r and s are integers to be found.

(Total for question = 9 marks)



Q6.

I= [cosh"x dx n2=20

(a) Show that, forn=2

nl, = sinh x cosh" " + (N = 1) I,-»
(b) Hence find

j coshix dx
(Total for question = 10 marks)

Q7.

-~

Ih= J cosh™xdx, n=0
(a) Show that, forn =2,

nln = sinh x cosh™x + (N = 1)l
(b) Hence find the exact value of

n2
.[o cosh®x dx

(Total for question = 10 marks)



Q8.

.v A
»
3 0 | X
Figure 1

Figure 1 shows the curve C with parametric equations
X = 2€0S60 - c0s 26, y = 2sinf - sin 26, 0<é6<=srr
(a) Show that

(ﬁ] +(d—‘) =8(1—cos )
de dé

The curve C is rotated through 21 radians about the x-axis.

(b) Find the area of the surface generated, giving your answer in the form krr, where k is a rational
number.

(Total for question = 10 marks)



Qo.
3

(@) Show that, under the substitution x = 4 sinh u,

x:

J‘—1 dx= kJ‘( cosh2u—1)du
\/ 16x~+9

where k is a constant to be determined.

(b) Hence show that

1 2
j _ St dx=p+¢gln3
0 «J16_\': +9

where p and g are rational number to be found.

(Total for question = 11 marks)

Q10.

The curve C has parametric equations
x=3tY y=4t3, 0<t=<1

The curve C is rotated through 21 radians about the x-axis. The area of the curved surface generated is
S.

(a) Show that
! L
S= k;rj £ +1)ds

where k is a constant to be found.

(b) Use the substitution u? = t? + 1 to find the value of S, giving your answer in the form pm (11 \/3_ -4)
where p is a rational number to be found.

(Total for question = 11 marks)



Q11.

(a) Show that, fornz 1

(b) Hence show that

4]

where p is a rational number to be found.

Q12.

(a) Find

(b) Hence find the exact value of

5+x
—— dx
o v4—3x"

In2
J tanh'xdx = p +In2
(

(Total for question = 10 marks)

giving your answer in the form P7T V3 + 4, where p and g are rational numbers to be found.

(Total for question = 8 marks)



Q13.

The curve C has parametric equations
X=6-sin 6, y=1-cos 6, 0<6<2m

The curve C is rotated through 21 radians about the x-axis. The area of the curved surface generated is
given by S.

(a) Show that

S = 2;{x/5J (1- cos())?d(}
]

(b) Hence find the exact value of S.

(Total for question = 10 marks)

(Total for question = 7 marks)



— 7+
where k is a constant and 77 — i«

(a) Show that, forn=2

n-1 1

@+ 2y -2 Dpy
n n

: ol

n

(b) Hence find the exact value of

(Total for question = 12 marks)

Q16.

I = Ix" cosx dx
(a) Show that, forn=2

Ih = X" sin X + nx™* cos x — n(n — 1)l

(b) Hence find the functions f(x) and g(x) such that

-

J x*cosxdx = f(x)sinx + g(x)cosx + ¢

where c is an arbitrary constant.

(Total for question = 9 marks)



Q17.

I = Jcoscc"xdr. 0<x< n=0

S

(&) Show that, forn=2

o
=&
]n = ]n—l =

n—1

2

cot x cosec”

n—1

(b) Hence, or otherwise, find

J cosec” xdx

giving your answer in terms of cot x.

X

(Total for question = 9 marks)



Examiner's Report

QL.

Differentiation of x = 6 — tanh® and y = sech with respect to 8 was generally successful though -sech?6
and + sech@ tanh@ were seen. A few students used a variable x for 6 in their answers. The correct surface
area formula was generally used and most students substituted their derivatives correctly. A number of
students found the simplification to sech6 tanh6 quite challenging.

dx

— |d@

A few solutions used the approach but then failed to replace dx with ( dé.
Quite a few solutions wrote | sech tanh8 d6 = sech and were unable to explain why the final answer
was —0.81r.

A few examples were seen where 21T was used as one of the limits. Some students need to show more
working when evaluating their limits so that, in particular, the correct use of the limit x = 0 is evident.

Q2.

In part (a) many good solutions to verifying (dx/df)* + (dy/dr)* = 2 cosh’t were seen. dx/dt and
dy/dt were correct in most cases and the expressions squared accurately. There were some
careless slips in reaching 2sinh’f + 2. The final accuracy mark was often lost as an
mtermediate step 2sinh’t + 2 = 2(sinh?t + 1) or 2sinh? # + 2 = 2(cosh?t- 1) + 2

was required since this was a “show that™ question.

The derivation of the formula for surface area was well done in part (b) though the occasional
bracketing error lost the accuracy mark.

Evaluation of the integral in part (¢) caused some difficulties. Candidates who attempted the
derivation of a four term expression for an indefinite integral generally avoided sign errors.
Evaluation of cosh’t was generally done using the double angle formula though a failure to
write down cosh2t = 2cosh’f -1 led to sign errors or a missing %:. Attempts using exponentials
made progress though did cause difficulties later. Integrating fcoshr by parts was well done
though errors arose due to a failure to show full working. Solutions which evaluated the
definite integrals separately often lost accuracy marks when combining as they overlooked
the fact that the second part was — [tcoshr dr.

The last two marks for evaluation of the integral were also lost by the assumption that the

lower limit value was zero.

Q3.

(a) was usually correct, even if some students made life difficult for themselves by using the substitution x
+ 2 = 3tant rather than quoting the standard integral result. The 4x2 in (b) proveld to be much more of a

problem. Many simply divided the whole expression by 4 and integrated (¥=3) % Those who
completed the square correctly to get (2x — 3)? + 25 then often lost the necessary half on integration.

Use of limits and logarithmic form were usually correct but those who tried to rationalise the denominator
within their logarithm quite often failed to do so correctly.



Q4.

(a) was generally well done by the majority of students. Most students used the chain rule directly, some
used the substitution u = cos x and correctly obtained the given result. Other students rearranged to get
tanh y = cos x and differentiated implicitly though, and while a few did not substitute for sech?y to obtain
an expression in X, most were able to rearrange to obtain the given result, showing all the necessary
steps in their working.

Many excellent solutions were seen to this part of the problem. Some students tried to use integration by

parts in the wrong diéection and made no progress. They seldom realised the need to restart with "u" =
‘.‘
'—"=cosx _
artanh(cos x) and  dx . The most common error here was to lose the factor of ¥ when using the
In form of artanh x. This happened most frequently when students tried to miss lines of working and jump

directly from their integral [ sinxartanh (cos.x) +x

a single step.

—o to substituting the limits and writing in the In form in

Q5.

This arc length question produced a slightly more mixed response. In part (a) most obtained the correct
dy

X
dx and used the correct formula to reach the correct integrand. A common error was to integrate cosh 3
1 X X

into 3 sinh 3 rather than 3sinh 3. Some who used 3a and —3a as limits did not give their answer as a
multiple of sinh a, leaving it as 3sinh a — 3sinh (—a). Most went on in part (b) to use the given arc length to
obtain a value for the required x-coordinate of 3a. In (c), the majority successfully obtained a value of the
y-coordinate of 3cosh a using the exponential definition of cosh with only a small number unable to obtain

il ]
it in the right form. The more direct route of using 3cosh @ = 3\/1 +smh™a was not widely seen.

Q6.

This reduction formula question saw good scoring for the most part. In part (a), most sensibly opted for
Way 1, performing the "split" correctly and applying parts in the correct direction. The most common error
occurred when differentiating cosh” - !x, obtaining (n — 1)cosh" ~2x rather than (n — 1)cosh"~2x sinh x.
Those who obtained the required sinh?x invariably replaced it with the correct cosh?x — 1. A few sign
errors were seen but most who scored the first three marks had little difficulty reaching the given answer
correctly. Those who used the Way 2 "split" were far more likely to encounter difficulties such as knowing
how to apply parts correctly to integrate sinh x sinh x cosh"~2x.

It was common to be awarding marks in part (b) even for those who made little progress in (a). Most used
the reduction formula twice and obtained the correct lo. Only a small number found I» directly. Errors
usually revolved around slips with bracketing leading to incorrect coefficients.



Q7.

Many correct proofs were seen in part (a). The most common approach was to write cosh” x as cosh™*x
cosh x and then attempt parts although a significant number of students differentiated cosh"*x as (n -
1)cosh"2x and potentially lost a significant number of subsequent marks. Some students wrote cosh"x as
cosh "2x cosh?x and then used cosh?x = 1 + sinh?x and proceeded correctly. A significant minority of

dv

—=1
students incorrectly attempted parts using dx and some students failed to give a convincing proof
because one or more vital steps were missing.

Students often applied the reduction formula well in part (b) although there were some arithmetic slips
and very occasionally the reduction formula was applied as I» = sinh x cosh"*x + (n = 1)I.-, rather than nl,
= sinh x cosh™*x + (n = 1)In-2.

Q8.

Part (a) was potentially a source of 5 easy marks for many students. The majority found correct
derivatives although there were some sign and coefficient errors. Those with correct derivatives could
usually establish the printed result although quite a few got lost with the trigonometry or made minor slips.
Success in part (b) was varied and it was quite often the case that once students had reached

S= 34(2@9 —5in26),/8(1-cos6) d@

Students often split the integral into two and made failed attempts to integrate by parts. Those who
eliminated the double angle often made further progress and there were other successful methods
employed such as the use of half angles and integration by substitution. This part discriminated well.

they could not see how to proceed.

Qo.

L]

Many students scored well on this question. In part (a), the substitution of x = 4 sinh u was usually sound
and a fully correct substitution was frequently seen. Attempts to simplify were also usually accurate

\’}9 +16x isinh2 u

although some students struggled to simplify 16 correctly. Many students could
obtain an integrand that was a multiple of sinh?u but sometimes lost the factor of % when using the double
angle identity.

Many students could make progress in part (b) with or without a correct value for k and could obtain an
expression of the required form. The correct u limits were frequently seen although some students used x
limits throughout.



Q10.

The derivatives in (a) were almost always correct, though a few students got no further than this. The

majority quoted/ used a correct formula, though it occasionally lacked a y. Those who used
managed to negotiate their way to the required form. Successful factorisation usually followed, so it was
usual for those who progressed beyond the basic derivatives to score full marks.

Puzzlingly in (b) u? = t2 + 1 sometimes led to t> = u? + 1. Other than this, differentiation was, again, usually
1 5. AE
. . . u=@"+Dort=(u"-1)
correct though very complicated versions resulting from ( I)* or (’ 1) were common. It
was no surprise that substitution of "dt" caused problems either by being upside down or by being simply
changed to "du", but a significant number successfully completed to the correct integral in terms of u.

From here, some used integration by parts and were occasionally successful, while those who tried to
expand and integrate were sometimes puzzled by the u? in (u? =1)2. New limits were usually found
correctly but the bottom one seemed to revert back to 0 from time to time.

For those who had navigated everything else successfully, the final hurdle was to factorise their
expression to the required form. As with (b), there was often a lack of appreciation that we can't simply
multiply/divide at will when an expression does not equal 0, so it was quite common to simplify the
fractions by multiplying by the common denominator.

Q11.

Many students found (a) of this question challenging. There were many cases where (a) or the whole
question was not attempted. There were also many cases of students trying to integrate in (a) by first
writing tanh?"x as 1 x tanh?"x or tanh?"~ Ix tanh x. The cases of it being written tanh?"x = tanh?"Yx tanh?x
were in the minority. In the main students who started off by using one of the incorrect expressions did not
go on to try an alternative. Of those students who did write tanh?"x as tanh?"x tanh?" - Yx tanh?x some
then made no further progress. Many did substitute tanh?x = 1 — sech?x and split their expression into 2
integrals, however they then did not recognise this as the derivative of tanh?""*x and tried to integrate
tanh?"2xsech?x by parts. While, of course, this is possible many mistakes occurred on the way.

Attempts at (b) were much better and there were many students who were unsuccessful in (a) who went
on to complete (b) with full marks. The most common errors here were using n = 4 rather than n = 2 and
sign errors if students calculated I; rather than lo.



Q12.

This proved a challenging question for many students. In part (a) the idea of splitting the integrand into
two separate terms was not well-known and so students achieved very few marks for the whole question.
Of those who did split the integrand there were many perfect solutions seen with only a minority having
problems with the various powers and square root terms. The alternative substitution method was rarely
seen but of those who chose this route there were many completely correct solutions seen. Some tried to
integrate by parts and were unable to progress very far. Arcsin was usually obtained by students with the
odd slip up with either p or g. The other part of the integral was nearly always reached but a minority of
students gave a function of In rather than a square root.

Part (b) was dependent on part (a). Most students used a sound method but errors in part (a) led to a
failure to gain the A marks here.

Q13.

In part (a), students could apply the formula for the required surface area producing a majority of perfectly
correct solutions.

However part (b) proved very difficult with very few correct solutions seen. Indeed there were a lot of
students who left this part blank which may have been due to the lack of time. Those who chose to
express the integrand in terms of a sine function of the half angle could then usually proceed to a correct
answer.

There were attempts at solutions seen in which a calculator had clearly been used to get the area as no
working was shown and these gained no credit. Many started part (b) using a substitution but mainly
substituting incorrectly. Very few substituted u = 1 — cos 6 and those who did generally failed to achieve
an expression in terms of u only as they did not replace d@ correctly. A novel method used once that
substitution had been done was to rewrite the numerator as —(2 — u - 2) and then proceed to split the
integrand. This avoided the use of integration by parts. Very few students brought part (b) to a correct
conclusion.

Q14.

The two integrations required here were completed successfully by the vast majority. It was rare to see

any candidate attempt to progress without first completing the square for the quadratics. Full substitutions
1

were not common with most using the forms from the formula book. The multiplier of 2 was occasionally
missing in final answers to part (a). Part (b) saw slightly more errors — often from the erroneous extraction
of a minus sign beyond the square root and arithmetic errors when attempting to complete the square.



Q15.

1

A large number of students made no progress as a result of splitting the integrand as x" and VX +k° .
X

Students splitting as x"~* and VX©+k° generally applied the integration by parts method correctly. The
x4k

next hurdle was to write VX +k as VX" +k° . Solutions which managed this generally continued to

produce a fully correct solution. A few students copied the answer from the question when it bore no
resemblance to preceding work.

Evaluation of Is was attempted by most students in part (b) but sometimes careless arithmetic led to the
wrong fractions in the formula linking it to Is. The problem was overcomplicated by some students not
writing k = 1 at the beginning.

Students who approached in the order Is, |5 |1 generally proceeded well until they evaluated I;; VX +1
was often not achieved. Evaluation of I, was frequently seen as 2 with the use of lower limit x = 0 omitted.
Combination of the various results frequently had bracketing errors and so only a few solutions reached a

7\/3_3

final answer of 15 15,

Students working in the order |4, I3 then Is often ended up substituting limits twice into part of the
expression.

Q16.

There were many excellent solutions to this question. Some candidates made little progress in
part (a) but achieved marks in (b).

The final accuracy mark was occasionally lost in (a) through poor bracketing or missing a
function in the final line. A few solutions split the parts as ™! and xcosx. The second
mtegration by parts caused a few of these attempts to falter.

Part (b) was well done by most candidates. The general method was to express Iy in terms of
b and then I in terms of Iy. Ipwas occasionally evaluated as 0. 1 or x. The final answer
occasionally had one of the x" terms with a wrong power or sinx/cosx absent. Sometimes a
value of Io was embedded in the work and it was difficult to establish its value when the
various multiples were mixed up.

A few candidates decided to ignore the result of part (a) and used repeated integration by
parts. They were generally successful.



Q17.

Proof of the reduction formula in part (a) was challenging for a very high proportion of the students and
many failed to score any marks here.

Quite a few attempted to split the expression cosec™?x as cosec" xcosecx and integrate by parts. They
soon realised that further progress was impossible.

Many students identified a suitable split as cosec"2x cosec?x and proceeded to integrate by parts. Lack of
du dv
U,v,

a starting formula or specific reference to the four parts dx dx (orf, g, f'and g') meant it was
difficult to be sure a correct method was employed. Three negative quantities were involved and many
solutions tried to simplify before writing down the complete expression. Many students realised the need
to replace cot?x with cosec?x — 1 though sign errors in the formula were not unusual. Students reaching
this point generally recognised how |, and I.-> appeared and further progress was made.

An alternative strategy favoured by a number of students was to replace cosec"?x cosec?x with
cosec"2x(1 + cot?x). Few following this method were then able to split up and integrate by parts.

In part (b) most student managed to score marks for the evaluation of |4 and there were a large number of
correct solutions. Few errors were made in applying the reduction formula to express I, in terms of I..

-
l cosec xdx

Evaluation of I, was well done when approached as though a few solutions using the

reduction formula for a second time thought that .' HosEC X was needed when it should have been

multiplied by zero. The formula cot?x = cosec?x - 1 was occasionally incorrect or not used. A few
p)

) ——cotx——cotx .
solutions left 3 3 in the final answer.



Mark Scheme

QL.

Question
Number

Scheme

Notes

Marks

x=6-tanh&, y=sechb,

0=8<In3

(@)

l :—; t =1-sech’@

Correct dertvative

Bl

(i)

] ﬂ- | =—sechftanhé oe
\ dé

Correct dertvative

B1

If both derivatives are in terms of a different variable but otherwise correct. allow

B1BO0. If one (or both) incorrect award BOBO

)

(®)

S=(2x IJ.sech 69\/{1—sechzé')2 + | —sechc?t;mh@]2 (d&

Uses the correct formula
with their derivatives
27 not needed

M1

S= 2:{]5«116 1-sech’s dé&

S= l-Tjsech(-?tanhé? de

Correct mntegral after full simplification
— 27 and limits not needed

Al

S= la*[—sech 6]

Correct mtegration — limits not needed

Al

S =-2x(sech(In3)—sech(0))=0.87

dM1: Include 27 and use limits (0 to
In3) correctly 1n a multiple of sech @

Al: cao and cso

dM1Alcao
and cso

Use of calculator: Correct integral. inc correct limits. shown followed by correct
answer (multiple of ) scores full marks. No need to simplify the initial integral
shown but 1f simplified mcorrectly. only M mark can be awarded regardless of final
answer. Incorrect answer given. mark as scheme.

Allow h (eg from tanh ) to disappear as long as the functions are treated as

hyperbolics.

®)

Total 7




Q2.

Question
Number Scheme Notes Marks
x=cosht+t. y=cosht—t
(a) i dv . L
—=smhr+1 a sinhz—1 Correct derivatives B1
[ﬁ) +r$J =sinh’ #+2sinht+1+sinh’ f - 2sinhf +1
=2sinh®#+2
M1: Squares correctly. cancels and collects terms
- 12 2 Uses cosh’#=1+sinh’ ¢ to
=2(1l+smh”7)=2cosh” t* 3 *
( 5 ) o complete the proof with no errors Al
(3)
(b) 3 =2 ) 1 ve
§ =27 yds =27 (cosht—tW2 coshrdr | V% © 27 [  ds with the given Ml
’ : v and the result from part (a)
m3 . Z
=02x f: ( cosh” t—#cosh t)dt s Correct proof with no errors Al*
)
c ) 0 | 5 | O |
© Icosh'tdt = J-i; i;cosh 2tdr Uses cosh™ = i;i;cosh 2t M1
Attempts integration by parts the Mi
J‘ tcoshtdf =tsmnht— I sinhzds right way round on fcosh ¢ )
Correct expression Al
i ¢/ 2 ) 1 1 - .
S =(2x/5)t) | (cosh‘ r—rcoshr)df = (2 2/1)[;t+—smh2r—tsmht+coshr:l
. | 2 4 AlA1
Al: 2 correct terms
Al: All correct
1 10 4 5
(S=)2v27{| =In3+—-—In3+=|—(1)
| 2 9 3 3) ° dM1
dM1: Correct use of limits 0 and In3 depends on both preceding M marks
=é\/§7r(32—151113‘) cao Al ()
Total 12




Alternative for (c)

) e Y
J. cosh tdr = J- dt . )
;i Substitutes the exponential form M1
1 and attempts to square .
= — [(e‘r +2+e'3r)df
4 -~
J tcoshtdsf = l I t ( el t+ef ) dr Substitutes the exponential form M1
2 and attempts integration by parts
¥ B ' Poor I F. o the right way round
= -??te _EJ‘ te dt —{—_)" i _EJ‘e df} Correct expression Al
£ i e i | S | 1
(S =)(._ 2/7)1[—[ —e¥ s 2t ——e |-t v —e' v —teT ——e”
14(2 3 )T e g 2 T
Al: either integral correct Al: other integral correct but both must be 1n a complete
expression for S
Depends on both M marks above Correct use of limits 0 and In3 dM1
1
S=§\/5/r(32—151113_) cao Al
Alternative for the first 3 marks of (c)
B 2\[5)7[ (cosh2 t—tcosht)ds
= ‘2\,521'{ cosh{cosht—t)ds
Zﬁlv([sinht(cosht—r)]— f sinh7(sinh7—1)ds
227 ([ sinht(cosht—1) ][ cosh#(sinh#—1)]+ | cosh’ds
\/_H([S (cos )| [co (s )| [ cos ) Sri

M1 (2* on e-PEN): Use parts twice A1 Correct expression

Icosh:tdt = l‘i% i‘%cosh 2rdt Uses cosh’# = i‘%i‘%cosh 2t

-

M1 (lIston
e-PEN)

Rest as main scheme




Q3.

Question
Number Scheme Notes Marks
@ 2 +4x+13=(x+2)’+9 Bl
j 1 & _id ( '+°) MI: karctanf(x).
———dx=—arctan MI1Al
(x+ 7) +9 3 3 A1l: Correct expression
1 ) 3 . Correct use of limits
|:§arctan( } _§ (arctan—arctan0) arctan0 need not be shown Ml
Ko cao Al
12
3
ALT: Sub x+2=3tant
X +4x+13=(x+2)'+9 Bl
3=35ec3t x=-2 tant=0.r=0; .'4'=l.tant=1.1‘=£
dt 4
oy 1 1 Ml’sub and fnteg:rate inc use of
mdf =§ df=§f tan +1=sec” MIi1Al
tan” 1+ A1l Correct expression Ignore limits
= Either change limits and substitute
[i] _ Or reverse substitution and substitute | M1
12 §, original imits
. cao Al
12
(b) . ( : - 4(xxp) tq.(
4x~'—12x+34=4lx—3] +25 M- At 2] 2.4 pg =0)
. 2 7 o M1AI
7 Al x—==1 .25
or (2x-3) +25 e
_3
j—l - dx:l"‘ d\ —larsmh( ]
JAx-3)P+25 2 - \ 3 MIALl
M1: karsinh f(x). Al: Con'ect expression
4
{%arsmh{‘?e]:l %(arsmh(l) —arsinh(-1)) | Correct use of limits Ml
“ ':' ; _] “~
< Uses the logarithmic form of
=3 (n(1++2)-1a(-1+42)) s hal
%ln(3 ”\/—)or]n l+~/_) cao Al
(D
Total 12
ALT: Second M1A1 |
Sub 2x—-3=u# or 2x—3=>5sinhu
5 =
arsimhl 1 ... .fe) 5 1 I— ]
—5coshwudu =| —arsmh| — ——du= —arsmh MIAl
‘L"m'l 25sinh’u + 25 {2 (\5 .)}-5 [ S ou? +25 L2 \ 3




Q4.

reverse order.

1estion )
l%lmnber Scheme Notes Marks
(a) y = artanh(cos x)
dy 1 : ,
— = X—snXx Correct use of the chain rule Ml
dvx l-cos”x
—smx -1 ) ]
P e T i st AN o Al: Correct completion with no errors | Al
sin” X smX
2
Alternative 1
tanh y =cosx = sech:_rg =—sinx
dx
dy_—smx _ —sinx Correct differentiationto | 1y
dr sech’y 1-cos’x obtain a function of x
= _ASifl i B et 2 Al: Correct completion Al
sin" X smx * with no errors
Alternative 2
o)
artanh(cos x) = lln{ Lroes l
2 \1-cosx)
dy 1 1-cosx —sinx(l-cosx)—sinx(1+cosx) | corect differentiation to
—_——X X 3 : : Ml
dx 2 l+4cosx (1-—cosx)’ obtain a function of x
T
= & =—cosecXx Al: Correct completion Al
2(1-cos” x) % with no errors
(b) _ _
cos xartanh ( cos x )dx = sin xartanh (cos x ) — | sin x X —cosecx dx MIA1
M1: Parts in the correct direction Al: Correct expression
. < (33Y s
l sin.\'manh{cosx)+x]’ =lmanh| ﬁ '+1( —-(0))
_ ° 2 L2 e Ml
M1: Correct use of limits on either part (provided both parts are integrated). Lower
linut need not be shown
1, |( l+—‘£_§- | & . .
- —111‘ . 1 B Use of the logarithmic form of artanh Ml
4 (1-€) 6
1 ( \ X 1 T
=Ih1(7+4«/§)+g or7ln(2+\/§)+g Cao (oe) Al
The last 2 M marks may be gained in 6)




Q5.

Question
Number

Scheme

Marks

(@)

Correct expression for dy/dx seen
explicitly or used

B1

1+sinh?

% ]dr = f cosh l % t dx

Uses the correct formula for arc length and reaches:

k‘[ i’coshl‘v % .]dr

Ml

=3 sinh: % l Correct integration

Al

lengm:{kmh{gﬂ =3(sinha—sinh(~a))=..
or
length =2{35mhl' % ‘il =2 x3(smha—smh(0]) =...

Correct use of limits — in the second case. the lower (0) limit does not have
to been seen used

M1

= 6sinh a | Correct expression

Al

Do not be overly concemed 1f a “sinh™ becomes “sin” or there 1s a missing
“dx” along the way but the final answer must be correct.

&)

(b)

6smnha=12=smha=2 =X =3a =3arsinh?2

Uses their arc length 1n terms of sinh @ and the 12 to find @ 1n terms of
arsinh or In and multiplies by 3

M1

=) Correct answer including brackets
= 2
: ln{ o J;‘ and no other answers.

Al

(2)

(c)

Yo =3cosha = 3«/1+5th a= 3~/1+"2"1
or
[ B(2+F) | -m(2+5) )
}‘Q=3cosha=3cosh{ln(2+\/§))=3 = e =i

P

Use the curve equation with x = 3a or x =-3a and their value for @ or sinh a
to obtain a numerical value for yo1.e. noe’s or In’s or cosh’s etc.

Ml

B 3J§ Cao

Al

2

[Total 9]




Que=tion Scheme Marks
Number
@ = [ cosh"xdx = [ cosh xcosh™ xdx
: : Bl
(Z, =) [ cosh xcosh™ xdx seen explicitly or used
I, =tcosh™ xsinhxtk f cosh™ xsinh? xdx
Uses parts in the correct direction to obtain an expression of the above Ml
form
Fi= cosh™ xsinh x— f (n—1)cosh™™ xsinh” xdx Al
Correct expression
Fe cosh™ xsinh x— [ (nn—1 ]cosh"_:x{ cosh’ x—1 Jdx
Use of sinh? x=*cosh? x*1 dbil
Dependent on the previous method mark
I, =cosh™ xsinhx—(n—1)I, +(n-1)1,_,
Sub for I, and I,-> and collect terms ddM1
Dependent on both previous method marks
nl, =sinhxcosh™ x+(n-1)I_, * Alcso
Do not be overly concerned with notational errors e.g. if a “cosh™ becomes a “cos” or a “sinh”
becomes a “sin” and is then recovered or if e.g. a cash’x appears as coshx? but is then recovered
or if the odd ”x” or “dx” disappears etc. as long as the intention is clear. However, if there are any
obvious errors such as sign errors then the final mark should be withheld.
l I (6)

Ji= f cosh"xdx = [ cosh? xcosh™ xdx

(1, =) [ cosh? xcosh™ xdx seen explicitly or used

= | (1+sinh® x )cosh™ xdx
Use of cosh’ x=%sinh® x+1

= [ cosh™ xdx + [ sinh xsinh xcosh™™ xdx

n-1
cosh"™ x
coshxy—————

n—1 . n—1

M1: Integrates sinh xsinh xcosh™ x to obtain an expression of the form AMI1A1
+Psinhxcosh™ x+Q f cosh x cosh™™ xdx Note that

; these 2 marks

coshi™ Lz cosh™ x are re‘versed
Al:For .. +smhx— — f coshx———dx for this way.

n—1 - n—1
Mark 1n the order on ePEN so that the dM1 1s the Al on ePEN and the Al
1s the M2 on ePEN

= (n-01L =(n=1)I_, +sinhxcosh™ x—1

n

dx

cosh™ x 2 [

=H cosh™ xdx +')sinh x

Dependent on the previous method mark

Sub for 7, and 7., and collect term
Dependent on both previous method marks

nl, =sinhxcosh™ x+(n-1)I_, *




[ cosh*xdx = :l‘—[cosh3 xsinhx + 312] or 4 [ cosh*x dx = cosh® xsinh x + 317,

(b) Ml

Applies the reduction formula to Iy

[ cosh"‘xdx:%l:cosh3 xsinhx+3( %[coshxsinhx+10] ”
or
4|. cosh‘.\'dr=cosh3xsinhx+3t<%—[coshxsinhx+]0]

Attempts to use the reduction formula again to obtain /> in terms of I
May be seen embedded 1n their I3
This is a method mark so allow confusion with the constants. Ml

This mark can also be scored by an attempt to integrate cosh” x:
Either f cosh’xdx = % | (£cosh2x£1)dx = asinh 2x + Bx

or

) .‘I+—X'-: l' b P, T 13 1 l_w
I cosh™xdx =J ' = 1 dy=— l (e +2+e ™ Jdx=—e"+—x——e"
\ 2 J 4. 8 2 8
Note that the final 2 A marks are onlv ta be awarded once Iy has been
evaluated and substituted and theyv depend on having scored at least
one method mark.

Examples:

. [ cosh*xdx =%<:osh3 .rsinhx+§coshxsinhx+%x( +c)

. [ cosh*xdx =%cosh3 xsmhx +%sinh 2x+§x( +c)

. f cosh4xdx'=lcosh3xsinhx+ieh —ie'lx +3x(+c|
: 4 32 32 8

Al: %cosh3 xsinh x +1 other correct term e

3 3 o
But note that —e* ——e " counts as 1 term
32 32

Al: Fully correct
Correct answer — constant of integration not required.

NOTE:
%[coslf xsinh x+%( simnhxcoshx+ I bjl scores MIM1AOAOQ

%lﬁcosh3 xsinh x +%( smhxcoshx+x ):i scores MIM1A1A1

4
[Total 10]

Note that part (b) can be done in reverse order. in which case the method marks are awarded the other way
round e.g.

(Io =_|.dX'=:x"'

Second M: I, =—1—[sinh xcoshx +x] or as defined in the main scheme

First M: I, = i[smh xcosh® x+ 3{‘ %[cosh xsinhx +x] lJ

[ cosh®xdx =-i—cosh3 xsinhx+-z-cosh xsinhx-a-—z-x{ +c)

W

AlAl: As defined in the main scheme



Q7.

Question Scheme Notes Marks
@ Icosh"xdx =JC°511-’" cosh™ xdx Writes cosh” x as cosh xcosh™ x Bl
f cosh xcosh"'xdx = sinh xcosh"™™" x — ‘. (n—1)cosh”™* xsinh’x dx
MI: Parts 1n the correct direction (if the method 1s unclear or formula not quoted MIAI
only allow sign errors) Al: Correct expression
=sinh xcosh™™ x—(n—-1) | cosh"? x(cosh® x—1)dx
= (r=1) foonti 5 ) -
Writes sinh“x as cosh™x -1
=sinh xcosh™ x—(n-1) [cosh" x dx+(n-1) [cosh"'2 x dx
=sinhxcosh™ x—(n—1)I, +(n—1)I_, | Substitutes for I, and J»2 ddM1
(1+n-1)1, =sinh xcosh™ x+(n-1)1_,
_ : Correct answer with at least one
nl, =sinhxcosh™ x+(n-1)I_,* intermediate line of working and no | Al1*
errors seen
Condone omission of “dx” and the occasional invisible x throughout but the ©)
final answer must be as printed.
(b) s Y T > . T & s m2 2
I; = g[smh.x cosh 1]0 ~x»§I3 or I, =§[smhxcosh x]o +§Il Ml
One application of reduction formula (/5 in terms of /5 or J; in terms of [;)
Y iz s =2 4 Yo & , qm2 2
I =§[smh.\ cosh x]o «(-;I3 and 7, = g[smlu cosh x]o +§I1 Mi
Second application of reduction formula (/s in terms of /5 and [ in terms of ;)
2 A P m2 3 3
I = L cosh xdx =[sinh x|~ = 5 L=2 Bl
13(5]* 41 3[5)2 23
=— == | +===|=| +==
54\4) 5(34\4 34
M a o §59%
cosh’ xdx = Must be exact Al
0 5120
NBy, = %sinh xcosh® x+ %sinh xcosh® x + %I, could score MIM1B0AO
“)
Total 10
@ jcosh"xdr=jcosh3 xcosh™ xdx = j(l +sinh’ x) cosh™ xdx
Way 2 h . Bl
Writes cosh”™ = (1+ simnh"x) cosh™x
. y 2 1 e 1
J-smhxsmh xcosh™ xdx =——sinh xcosh™ x——— | cosh” xdx
n—1 n-1 MiA1l
M1: Parts 1n the correct direction (if the method 1s unclear or formula not quoted
only allow sign errors) Al: Correct expression
Icosh" xdx= J‘cosh"'z xdx+——sinh xcosh™ x—— [ cosh® xdx
n-1 n-1 dM1
Adds Iy to their integration by parts
I,=1I _,+-Lsinhxcosh™ x—-L7, Substitutes for 7, and Jr-» ddM1
(n=1)I, =(n-1)I,, +sinh xcosh™ x—1I,
) . Correct answer with at least one
nl, =smmhxcosh™ x+(n-1)I_,* intermediate line of working and no errors | Al1*

seen




Q8.

Question

Nimbe: Scheme Notes Marks
x=2cosf—cos26, y=2sinf—sin 26
(a) : N dy L
E=_2 sind + 2sin 26, 3G 2cos8—-2cos28 | Correct dertvatives Bl1. Bl
el R 0.0 N
{ dé dé. Ml
4sin’ 6 —8sinFsin 26 +4sin’ 26 + 4cos’ 6 —8cosfcos 26 +4cos” 28
Squares and adds their derivatives
=8-8(cos26cos @ +sm260smb)
M1: Use of at least one correct tng
=8-8cos(260—-8)=8(1—cosH)* identity MIA1*
Al*: Correct proof with no errors
)
(b) ~ 32 . . 2
S=2;r|y (ﬂ) +(QJ de
J \dé. dé
Substitutes y = 2sin & —sin 26 and
S=2 2sin 6 —sin 26 ,/8 1-cosé)dé . 5
”.‘-( Sin0=mn20)y 8t ~eoet) 8(1—cos®) into a correct formula M
= ZirJ'ZsinG(l—cose)JS(l—cos0)d9
N " Processes to reach an integrand of
= 2 { - % )
8”‘/-—.' Ema(L gpRo) 48 the form ksiné(1-cosé)* e
Integrates to obtain an expression of
2 i oy =
i 2/7[:(1_&59):-! the form a.(’l cos&)”. Dependent dM1
5 Jo on the previous method mark. (May
be done by substitution)
2. s Use of limuts 0 and n and subtracts
=8r \[2_ { g( VS 0) Dependent on all previous method | dddM1
marks.
128 :
= T/T Allow equivalents e.g. 25.67 Al
(5

Toatal 10




Qo.

Question

Scheme Notes Marks
Number
(@) % = icosh u Correct expression B1
&sinh’ 3
j+ dx':J‘ 16> : fl . —coshudu
Vi6x? +9 J16.&sinhu+9 MIAL
MI1: A complete substitution attempt. Al: Correct expression
=kJ‘sinh2 u du Al
2 cosh2u -1 Use of sinh’u =+lcosh ’-’u+l
sinh” u =+ =2 R Ml
- May be implied by their integration
g
=—— | (cosh2u—1)du Al
. ()
(b) x=0Du=0x=1>u =arsinh(é\ Correct limits B1
¥ 7
1 : Attempt integration of the form
2u — =| — Vg
J‘(cosh 2u—1)du [2 sinh 2u u:‘ osinh2u + Bu M1
1 2 arsizh| £
J‘ L“ dx = g[lsinh 2u —u:l
0 V16x~+9 212 0
_ 1 Substitute # limits and subtract the
_9[4 16| . [4 ’ 16 | right way round. Dependent on the
—5{[3 1?3 J ln[3+ 1+? ]( O)J previous M dNeL
(Condone omission of “—07)
-10.-21n3 cao Al Al
)
Total 11
Alternative — changes back to x
I= %[sinh ucoshu — u];’"'m(-""
TR L —ammh(d'—lJ ) i BI
2| 3 9 3 ! 3
Substitute x limits and subtract
0|4 16 N ’ 16 the rnight way round.
=3{l 3 l+? ]_ ln(5+ 1+3 ‘](-0-)} Dependent on the previous M dM1
(Condone omission of “—07)
-10.-2m3 Al Al




Q10.

=
e Seheae Mot Marks
x=3t", y=4°
: d: d
@) Yoot Do Correct derivatives B1
dr dt
P .L
S=(27) ¥ (QJ (d‘ ] dr=(2m) | 4 J(l’t ) +(127 ) dr
dt dr
o Ml
[:(2,7) 47 (1441° +1441° ) ds
M1: Substitutes their derivatives into a correct formula (27 not required)
s=(21)1 48 144’4'7‘1 241 %dt Attempt to factor out at least 7* -
( ”)J- . ( } ( ) numerical factor may be left B
1
S =961 ‘. t (t2 + ll)% dt Correct completion Al
+ 0 ' ’
4)
®) w=r+1= 211% =2t or 2u= 2r£ Correct differentiation B1
i
Correct linuts
ALT: reverse the substitution later.
t=0=u=l, r=1=u=v2 (Treat as M1 1n this case and award B
later when work seen)
S=(96/()j £ xux du
f
M1: Complete substitution
_ 2_1\2..2 Al: Correct integral in terms of u.
S=(96 -1 dz or
( ”)I (-" B Ignore linuts. need not be M
sumplified
: . 7 58 3
S=(96;r)j (146—2114+11‘)&1:(96%)[%—%+ "?} W
M1: Expands and attempts to integrate
. . 2 7 5 3
L %8 4 2 22 2 2
S=967r|:L— el ”—} =96;r[[‘/: A2 h ]-(l—;+ l)l
T 533} LT & 83 jA7T5 3) —
M1: Correct use of their changed limits (both to be changed)
ALT: If sub reversed. substitute the original limits
1927 64r
S=——(1142-4 Cao eg — Al
i Y a7
()

Total 11




Q11.

Question

Namber Scheme Notes Marks
In2
) =J‘ tanh*x dx. 720
0
(a) tanh”” x = tanh™"™ x tanh’x Bl
tanh” x = +tanh*" x(1 —sechz.x") M1
) - ) .
¥ o =J. tanh " xd\'—J- tanh ™™™ xsech’xdx
0 0
M1: Correctly substitutes for /,.1 and obtains
2 3 - -
I,=I, —[ 1 tanh>™ x I tanh™"™" xsech®x dx =ktanh™ x MIA1
T 2n-1 o
Al: Correct expression
| 2n-1
a5 i i (% » Correct completion with no errors Al*
Zn— /]
ALT: ‘“ . e
I,-1,, =I (tanh® x - tanh®" x) dx
0
2
= I tanh*" x(tanh’ x—1) dx Bl
0
In2 In2 , ‘ _
=J‘ tanh"f'"'“x(—sechzx) dx =I tanh""'“x(:sechzx) dx M1
0 0
M1: Obtains
~in2
Li~Ey= ‘[ = : y o J‘ tanh™™™ xsech®xdx = k tanh ™" x MI1Al
2n— g8
Al: Correct expression
2n-1
=T - : : : (g] . Correct completion with no errors Al*
2n—
(b) I,=In2 The integration must be seen. B1
I, =1 —%"( %) Applies the reduction formula once Ml
103N (3% M1: Second application of the reduction
) - ——[ = J -—( = | formula MIAl
115 385 Al: Correct expression
84
I,=In2-— cao Al
125

Special Case:

If I; 1s found award B1 for [; or /1 and MIMOAOAO

I




(b) Alternative

2 2 .
I, =I tanh’x dx =J. (1-sech’x)dx
0 0

I = [x —tanh 1]0 : Correct integration Bl

1(3Y
Iy=1, —;[ = Applies the reduction formula once M1

)
I = 2= tanh (b= k2> I8 Dlgos laomites MIAL
5 Al: Correct expression
I =1nz__3._l[_3.]

= 5 35

gt Al
125

(6]

Total 10




Q12.

Question b N
Number Scheme s Marks
S5+x
dx
4-3x°
(@) By 5 x Splits (Denominators to be correct)
——dx= = dx + dx | Can be evidenced by the two M1
\j4 -3x° \14 -3x° 4-3x° separate integrals below.
P g
M1: parcsingx Depends on 1st M
mark (pcan=1
s N @ )
arcsm ) 4 5 N dM1A1
4 3’ 3 2 Al: —arcsin—x
NE) 2
ik
M1: k(4-3x")" Depends on Ist M
.[ —_\AY 3 d‘“:‘%H—Sf ¥ mark dM1A1
G4 —3Xx" 3k
Al: —1(4—3.1“ I
3
S5+x 5 B 3 1 { 2334 \
l‘—‘ dxr= —arcsmix—,—( 4-3x" )" (+c)
v \/4 —-3x° \/j; 2 3
I (5)
Alternative (a)
2. S+x S+Zsinu
=—x=smu = L dx = AL‘fcosu du :
\ﬁ J4-3¢° 4-4smu Ml
M1: Attempt x = ksin « including replacing dx
5 2 MI1: ku or kcosu Depends on 1st M
B E" 3 cosale) Al: Both correct dhift
5 J; M1: Changes back to x Depends on
ﬁarcsmT x ‘—l 4-3x ) (+¢) both preceeding M marks
5 .3 2 S 1B Al: Fully correct ddM1At
of ﬁaf Csin— =X ——COS| arcsin| ——Xx (Allow equivalent correct forms)
2
Can be done by sub x= Etanh g .
(b) 5 ’
[%Mcsmﬁx—ll 4-3x° ) }
0
Substitute the limits 0 and 1 (or 0
[5 . B 1][s5 i ] Eir; :
| ﬁarcsmi—— -| ﬁmcsmo -3x2 x2| and — 1f m. térms of u) 1n both M1
L - & X = parts of their integral from (a) and
subtract the right way round.
5 1 :
= 5 ,-?\ﬁ g +§ Any exact equivalent Al Al
3
Total 8




Q13.

uestion
c\quml; & Scheme Notes Marks
x=8-smf, y=l-cosb, 0<6<2r
@ At =1-coséb. Lot =smnéd Both B1
dée de
(S=27 )j‘( 1-cos@WI1-2cosd+cos’ 8+sin’ & dg| M1: Uses the correct formula
: with their derivatives.
- - Integrand must be a function of | M1A1
or J.(l—cosﬁ)\lil—cosé’)'—sin‘9 dé 2
Al: Correct mntegrand
(S= ..;r}J‘[l—cosﬁ'),P{_l—cosﬁl dé
5oonis 2 - aléda* cso with at least one Al*cso
N R W eos intermediate step shown
4)
(b) ( o)} , 0
S=2/?~/2-J‘| l—i 1—2sin'§ I; de Uses cosé::l:_?sin'7 M1
.16 _
= 8;2'.[ s’ ;d(ﬂ Correct expression Al
. 6f A )
=87 | 1—cos” 5 |d3 Uses Pythagoras dM1
5 . o1 Integrates to obtain
=87| —2cos—+—cos’ — &8 1 6 ddM1
| i 2 pcos;-e—qcos L p.g=0
~t6z|(-L+1]-{1-1) 162 dddM1
{3 ) \3 7 Include and use limits correctly -
” 6'::.' Al 6)

Total 10




Alternatives for (b)

( , 6 {é - .28
S=2,7JEJ‘| l—l 1—2sin'§ | dé Uses cos@=£1%2sin" M1
: gl _
= 8;rj s’ — dé Correct expression Al
.6 3.6 1. 36
SIN° = ='—Sifi~———gif—
2 4 2 4 2
(3 x ) Ts e identity (si
-5 [ 3 S e —ls 36 ) d6 Uses the above identity (sign errors M1
L4 2 4 2} allowed)
[ 3 1 2 30) :
=87 ——x2cos—+—x—cos— | Integrates to obtain pcos -€+ qcosﬁ ddM1
L 4 4 3 2) 2 2
(3 1) (3.1)] _64r o
8/Ti 13763 EI} =ry Correct use of limits dddM1 A1l
i=1—cos&; du=smn&dE
siné = 1-cos> 6 = Jl—(l—u ):
1 1
=u?(2-u)2
3 1 M1 Attempt the substitution. Integral to be
j' (1—cos6)? d6=“‘ u(2—u) 2du in terms of u only. MIA1
Al Correct integral in terms of
1 1
=—2u(2-u )T—J. —2(2—u)? x1du
: 2 2 3
=—2u(2-u)?-2x -5( 2—u)? Integrate by parts dM1
Z,TJEJ. (1-cos&)2dé
0
i 3
= 2)(2;’?\/2—'[ (1-cosé&)2dé
. Include the constant multiplier of the
—_— \/; - . _% integral and
2R2NT | Ui2Nw)2de EITHER: M1 Change the limits i
: X M1 Substitute limits for u ddM1
— 2% 2T x 2x 2, -3 OR: M1 Reverse the substitution
Rt et M1 Substitute limits for &
64;
-l Al




Using Integration by parts:

S= 8,?jsi113 gda

See main scheme MIA1
-2 dv . @
w=sm"— —=sm—
2 dé 2
de . 8 R
—=sin—cos— v=-2c0s—
déd 2 2 2
=—2sin’ gcosg + I 2sin g cos’ %da Integrate by parts dM1
. 6 ,6 ; 6
J‘ 2simn—cos” —dé — kcos” — ddM1
2 2 2
6471 M1: Include the constant multiplier and use
= : limits (0 and 2pi) correctly dddM1A1

Al: Correct answer




Q14.

Question
Number

Scheme

Marks

(@)

8+4x+x2 =(x+2) +4 Correct completion of the square

B1

1

1 xX+2
—————dv=—arctan—— (+c)
T(x+2) +4 2 2

M1: For obtaining karctanf(x)

Accept other notation for arctan e g. artan. tan™ etc.

1
Al: Correct result oe e.g. —arcnn' Xl ] {+c) (must see brackets in this

case)
The constant of imeg;ration 1s not required

MIAl

May see substitution e. g

x+2=2tanu:>[ [

"
2sec” udu
Qx+7l+4

4tan’ u+4

1

=l‘du= 1|+cb-larctan =A%)
2 2

For M1 this requires a complete method using a correct substitution and

including the reversal of the substitution and Al as already defined

Accept other notation for arctan g.g artan. tan’! etc.

(b)

For an attempt to complete the
square. Allow

2 H 2
8—dx—x? =12—(x+2)’ ST A =

Where a >0

M1

12—(x+2)°

Al

f;,cbc=arcsinx+2 (+¢)
“V{2-(x+2)’} V12

M1: For obtaining ¢ arcsing(x)

Accept other notation for arcsin e.g_ arsin. sin™ etc.

Al: Correct resultoe e.g. arcsm /3 (+¢)
The constant of integration 1s not required
Accept other notation for arcsin e. g arsin_ sin” etc.

MIAl

x+2=~/1_2_sin112"

May see substitution e.g.

e ‘—J‘—J_fcosudu
\’17—1x+2) N12-12sin’ u

_jdu—u(-(-c)—arcsml J_ t(+c

For M1 this requires a complete method using a correct substitution and

including the reversal of the substitution and Al as already defined

xX+2= \/_cosu:>[ - dx =

May see substitution e.g.

= Jﬁsinu du

J‘412 12cos® u

Jl7—(x+?)

[du—u(+c)=—arccos l(+c)

s

For M1 this requires a complete method using a correct substitution and

including the reversal of the substitution and Al as already defined

Accept other notation for arccos e. g arcos, cos™ etc.

[Total 7]

“)




Q15.

Question
Number

Scheme

Notes

Marks

I —J' X
g (x* +£2)

dx

(@)

1
) & =J'x’"lx(x2 +k) 2 dx

Separates correctly
(Without this there will be no
progress.)

B1

1 1
T ﬁ-l‘x2+k2"'3_‘-(n_l" .n—l(r2+k2)§d1.

M1: Parts 1n the correct direction

Al: Correct expression

MI1A1

w—ln-1 DJ. \/“T

1 (XP+R2 )

Writes (.\’2 —kz :Izas o ——
1’(.1"4-/\")

2 - |
s

=...—(n—1|j—dr—(n—1b —_—
(.1'2+.I(2) J‘ ’(xl_*_kl’

dx | Correct separation

Al

1

I =X+ P -(n-1)I, -(n-1)KI_,

Introduces I, and J»-> on rhs
depends on both M marks above

ddM1

r=1)

-1 l
X 15 (7 ®L,

I="—(F+E'] -

n

Cso (Given answer!)

Al*

(N

)

Correct first application of the
reduction formula
Can have * mstead of 1

M1

Correct second application of the
reduction formula
Can have &* instead of 1

M1

.- . l dx = as/x: +1

v ixt41)
And attempt 5 using correct
limits (% or 1)

ddM1

A i 7 8
dr=—42-——
L (x*+1) ISJ_ 15

A1: Etther term correct

A1l: Both terms correct

AlAl ()
Total 12

(b)

Way 2

dral+

I

(Forl)

M1

0 ok
13=“—(x-'+1)2—:1

Attempt J5 by using the reduction
formula (&° or 1)

M1

(x +l)-—4I

4|

A 2
——(\ +1|-——1—u +1)f s +1; ‘

\'+1 5

Form a complete statement for I5

and use the correct limits
(For1)

ddM1

7 ‘/5__

IF

A1: Esther term correct
Al: Both terms correct

AlAl




Q16.

Question
Number Scheme Notes ks
I = jx” cosxdx
(a) j n n_: J‘ n-1 _-
x cosxdr=x"smx— | nx" smxdx
MIA1
M1: Parts 1n the correct direction
Al: Correct expression
=x"sinx—4-nx""cosx+ | n(n—1)x"" cosxdx
: dM1
Uses integration by parts again (dependent on the first M)
=x"sinx+nx"" cosx—n(n-1)I_,* Wi
Fully correct proof with no errors
4
ALT
E =J.x" cosxdx = jx"’l (xcosx)dx
=x"sinx+x"" cosx—(n —l)Jx""’ (xstnx+cosx)dx
MI1Al
M1: Parts in the correct direction
Al: Correct expression
=x"sinx+x"" cosx—(n —I)J‘x"" smxdx—(n-1)7,_,
R Vi S n-1 23 _ 5 -1 23 i 5
=Xx'smx+x  cosx—(n 1){ X"~ cosx+(n I)In_z} (n—-1)1,., M1
Uses integration by parts again (dependent on the first M)
i, n-1 (
=x"sinx+nx"" cosx—-n(n-1)I,_,* -
Fully correct proof with no errors
(b) I, =smx (+k) B1
¥ B st A copn=13 I 2pp11es the reduction formula once for /4 or M1
=x'sinx+4x° cosx—l?_(x3 sinx+2xcosx— 210)
Applies the reduction formula again and obtains an expression for /s which can M1
include Jp but not I
= (x'" -12x* + .’24)sinx+(4.7«'3 —24x)cosx+c
Award A1 for either bracket and A1 for the other AlAl
If the answer 1s not factorised but 1s otherwise correct. award A1A0
&)

Total 9




Q17.

Question
Nanber Scheme Notes Marks
Ts= Jcosec“x de= J.cosec"’zA' cosec”x dx
(a) . . . M1: Parts in the correct direction
=—cotxcosec" x— J‘ (n—2)cosec” "xcot” xdx [ Al: Correct unsimplified M1A1
expression
Uses
\ s s - -
= —cotxcosec”"x—.[{ n—2)cosec” " x(cosec” x—1)dx | COU" X =cOseC" X 1 dM1
(incorrect signs
allowed)
=—cotxcosec” 2x—(n—-2 )J.cosec”xch‘ +(n-2 )V[cosec""’x(h‘
=—cotxcosec” *x—(n—=2)I,+(n-2)I,_, |Introduces J: and 2 ddM1
n—2 1 . Correct completion with no errors
I =——1,,———cotxcosec" " x * (apart from possible omission of Al* cso
n—1 = d)
(ﬂ) I_ n,d,_ =2 :'d'
Way 2 = | cosec”xdx = | cosec” "xcosec xdx
Iy= j cosec” xcosec’xdx = Jcosec"":x (1+cot® x)dx -
Uses cot” x = cosec” x—1 (incorrect signs allowed)
= Icosec"'zx dr+ J.cotlx cosec™x dx
dm1
. s 5 (2nd M on e-
Icot'.\' cosec xdx=- —cot xcosec” "x— - jcosec"x dx PEN)
(n=2) (n=2) Al
M1: Parts in the correct direction A1l: Correct expression (1st A mark
on e-PEN)
-2 1
=Ly~ cotxcosec’ x— 4, Introduces I and I ddM1
(n—2) (n—=2)
n—2 1 P I : 5
I = —1]"_3 ——lcot xcosec’ X Correct completion with no errors | Al*cso
n— n—
Q)]
b 2 1 2 icati 1V
(b) I, ==, cot xcosec’x C orrect application of the given M
33 reduction formula
L= Jcosec"x dy=—cotx By integration or use of reduction B1
> formula
or =—cotxcosec x
o 1 Uses their /> and
14=§(—cot,\')—§cot.\'(1-—cot'x) cosecx =1+cot® x M1
(incorrect signs allowed)
1 3 ¥
I, =—cot x—gcot‘ x(+c) + ¢ not required Alcso
(4)
(b) Alternative
Icosec*xch' = J‘['l-{-cotl x)cosecxdx cosec’x=(1+cot’ x)cosec’x M1
= I( cosec’x +cosec’xcot’ x| dx
BI1: J.cosec:xd\' =—cotx
Mi1: J‘coseczxcot3 xdx=kcot® x Bi1M1Alcso

I, =—cot x—%cots x(+c)

) 2 1 kS
Al: |cosec xcot” xdx = —§ cot” x

Total 9




