
Questions 
 
Q1. 
  

The hyperbola H has equation 

 

The line l is a tangent to H at the point P (4 cosh α, 2 sinh α), where α is a constant, α ≠ 0 

(a)  Using calculus, show that an equation for l is 

2 y sinh α − x cosh α + 4 = 0 

(4) 

 
The line l cuts the y-axis at the point A. 

(b)  Find the coordinates of A in terms of α. 

(2) 

 
The point B has coordinates (0, 10 sinh α) and the point S is the focus of H for which x > 0 

(c)  Show that the line segment AS is perpendicular to the line segment BS. 

(5) 

 
  

(Total for question = 11 marks) 

 

Q2. 
  

The hyperbola H has equation 

 

where a and b are positive constants. 

The hyperbola H has eccentricity  and passes through the point (12, 5). 

Find 

(a)  the value of a and the value of b, 

(4) 

(b)  the coordinates of the foci of H 

(1) 

  

(Total for question = 5 marks) 
 



Q3. 

The ellipse E has equation  = 1 

The line L has equation y = mx + c, where m and c are constants. 

Given that L is a tangent to E, 

(a)  show that 

c2 − 25m2 = 9 

(4) 

(b)  find the equations of the tangents to E which pass through the points (3, 4). 

(5) 

  

(Total for question = 9 marks) 
Q4. 

The line with equation x = 9 is a directrix of an ellipse with equation 

 

where a is a positive constant. 

Find the two possible exact values of the constant a. 

(6) 

  

(Total for question = 6 marks) 
Q5. 

An ellipse has equation 

 

The point P lies on the ellipse and has coordinates (5cos θ, 2sin θ), 0 < θ <  

The line L is a normal to the ellipse at the point P. 

(a)  Show that an equation for L is 

5x sin θ − 2y cos θ = 21 sin θ cos θ 

(5) 

Given that the line L crosses the y-axis at the point Q and that M is the midpoint of PQ, 

(b)  find the exact area of triangle OPM, where O is the origin, giving your answer as a multiple of sin 2θ 

(6) 

  

(Total for question = 11 marks) 
 



Q6. 
  

The hyperbola H has equation 

 

The line l is a normal to H at the point P (asecθ, btanθ), 0 < θ <  

(a)  Using calculus, show that an equation for l is 

axsinθ + by = (a2 + b2)tanθ 

(5) 

The line l meets the x-axis at the point Q, and the point M is the midpoint of PQ. 

(b)  Find the coordinates of M. 

(3) 

(c)  Hence find the cartesian equation of the locus of M as θ varies, giving your answer in the form y2 = 
f(x). 

(4) 

  

(Total for question = 12 marks) 

  

 
 
Q7. 
  

A hyperbola H has equation 

    where a is a positive constant 

The foci of H are at the points with coordinates (6, 0) and (–6, 0) 

Find 

(a)  the exact value of the constant a, 

(3) 

(b)  the equations of the directrices of H. 

(3) 

  

(Total for question = 6 marks) 

  

 
 
 
 
 



Q8. 
  

An ellipse has equation 

 

The line l has equation y = mx + c where m < 0 and c > 0 

Given that l is a tangent to the ellipse, 

(a)  show that c2 = b2 + a2m2 

(4) 

The tangent l meets the positive x-axis at the point A and the positive y-axis at the point B.  
The origin is O. 

Given that m varies, 

(b)  show that the minimum area of triangle OAB is ab. 

(7) 

  

(Total for question = 11 marks) 

  

 
 
Q9. 
  

The hyperbola H has equation  

and the ellipse E has equation  

where a > b > 0 

The line l is a tangent to hyperbola H at the point P (a sec θ, b tan θ), where  

(a)  Using calculus, show that an equation for l is 

bx sec θ − ay tan θ = ab 

(4) 

Given that the point F is the focus of ellipseE for which x > 0 and that the line l passes through F, 

(b)  show that l is parallel to the line y = x 

(5) 

  

(Total for question = 9 marks) 

  

 



 

Examiner's Report 
 
Q1. 
  
Most tried to find the equation for the tangent to the hyperbola by using the parametric form of x and y. 
This proved to be easier than differentiating implicitly or explicitly. In establishing the printed result, some 

candidates jumped from (y – 2sinhα) =  (x – 4coshα) to 2ysinhα – xcoshα + 4 = 0 with no 
intermediate work and thereby lost the final accuracy mark in this part. 
Part (b) was very straightforward for the majority of candidates although there were a few who found 
where the tangent crossed the x-axis instead of the y-axis. 
In (c), provided that the candidate used the correct eccentricity equation, it was relatively straightforward 
to find the correct value for ae although some multiplied e by 16 rather than 8. It was then relatively easy 
to find the gradients of AS and BS and prove these lines were perpendicular or to use vector AS and BS 
and prove the scalar product to be zero. The only problem was that some forgot to give a conclusion. 
  
 
 
Q2. 
  

This was a good source of 5 marks for many students. In part (a), almost all students used the correct 
eccentricity formula and substituted x = 12 and y = 5 into the hyperbola and solved the resulting 
simultaneous equations in a and b. There were occasional processing errors and some gave the positive 
and negative values for a and b. The majority of students knew how to find the foci in part (b) and a follow 
through mark was available for those with earlier errors. A significant number of students gave only the 
positive focus. 

  

 
 
Q3. 
  

In part (a) the majority of students substituted the general equation of the straight line into the equation of 
the ellipse and then used the property of equal roots for the resulting quadratic in x. The second most 
popular method was to find a general tangent to the ellipse using the parametric form (5 cos θ, 3 sin θ) to 

give  and then to show . A small number of 
students took more laborious routes involving implicit differentiation and simultaneous equations and such 
methods were met with varying degrees of success. It is worth pointing out here that students cannot 
simply quote the general result a2m2 + b2 = c2 and expect to gain any marks. This was, after all, the result 
they were being asked to prove. 

Many fully correct solutions were seen in part (b) and the main method was to substitute the given point 
into the general straight line and then solve this simultaneously with the result achieved in part (a). There 
were a large number of students who thought the point (3, 4) was on the ellipse and proceeded to find the 
equation of the tangent to the ellipse at that point. 

 
Q4. 
  

Most used the correct equations for the directrix and the eccentricity and were then able to proceed to 
eliminate either a or e to obtain a quadratic in one variable. Most then succeed in finding the two values of 
a although there were a number of candidates who multiplied their value of e by 81 and not 9. 

 

 



Q5. 
  

Most got (a) fully correct although the occasional student lost an x somewhere in the middle but "found" it 
again at the end as the answer was given. 

In (b) most correctly found the coordinates of Q and many then went on to find the coordinates of M 
although some made errors in calculating the y coordinate. There were then many different ways of 
finishing the question. The first method was to find the coordinates of the point (which can be called L) 
where the line given in (a) cuts the x-axis and then find the areas of the triangles OPL and OML and add 
them together. Alternatively some used the determinant method to find the area of the triangle required. 
The next method did not need the coordinates of M but used triangle OPQ and then used the fact that 
area of triangle OPM was half of this due to the fact that distance PM = ½ × distance QM – this was quite 
popular. Very few used the method of finding distance OP and then the distance from the point M to line 
OP. The most common error was to work out the area of triangle OQM but not explain why this area was 
the same as area of triangle OPM (due to distance PM = distance MQ) 

  

 
 
Q6. 
  

Differentiation of the Cartesian equation and the parametric equations to find  were equally popular 

and few errors were made. Students who simplified  initially to obtain  generally 
found the later algebra easier. Writing down the equation of the normal was well done though a small 
number of students wrote down the tangent equation. Most solutions managed to manipulate their normal 
equation correctly to reach the printed answer. 

Calculation of the intersection of this normal with the x-axis (point Q) generally caused no problems. 
There was no requirement to simplify the trigonometry but students who did generally found later parts of 
the question easier. Finding the mid-point, M, of the line from a point on the hyperbola to Q was generally 
successful though a few solutions subtracted the x coordinates. Final answers for M were of varying 
degrees of complexity thus causing problems later. 

Part (c) was a discriminator with a high proportion of students not attempting or making little progress in 
converting the parametric coordinates of M into a Cartesian equation. Making secθ and tanθ the subject 
of the equations was the easiest method but using an incorrect version of 1 + tan2θ = sec2θ was a costly 
error for a number of students. A few solutions used sin2θ + cos2 θ = 1 though this resulted in more work. 
Making y2 the subject of this equation was challenging (or ignored) for many and final answers varied in 
the amount of simplification shown. 

  

 
 
Q7. 
  

Although a few slips were seen the majority of candidates emerged with all six marks here. In the first 

part,  was occasionally given for the value of a. In part (b), a few candidates did not give their 
answer as equations for the directrices. Weaker responses included those using incorrect identities such 
as the eccentricity formula for an ellipse. A very small number confused e with the base of natural 
logarithms. 

  

 



 
Q8. 
  

This question on an ellipse was fairly discriminating, particularly in part (b), but a substantial number of 
candidates scored most of the marks here. 

In part (a), most eliminated y and expanded (mx + c)2 correctly but then some did not realise the need to 
use the discriminant. Those that did, often went on to achieve the given answer with no errors although 
some got bogged down in the algebra. It was rare to see the alternative verification of the result using a 

parameter. Some weaker responses merely found  or attempted the equation of the tangent but made 
no further progress. 

Some candidates did not offer an attempt for part (b) but it was relatively common to see the correct 
coordinates for the intercepts and an appropriate expression for the area. Some could not progress from 
this point but many did use the result in part (a) to establish an expression for the area in one variable, 
usually m. Those who did further work usually differentiated their expression correctly, set it equal to 0 
and solved for m. The last mark proved quite hard to score since many did not correctly handle the fact 

that m was negative and that the minimum area occurred when . A significant number of 

candidates were successful using parametric coordinates. Those who obtained the correct  
often went on to score all the marks provided they had a valid argument to show that this produced a 
minimum area of ab. 

  

 
 
Q9. 
  

Part (a) was answered well with most students scoring full marks. Few errors were made differentiating 

implicitly to reach a gradient of  or . Most students applied the formula y − y1 = m(x − 
x1) to write down the equation of the tangent and then rearranged using sec2θ − tan2θ = 1 to reach the 
printed answer. There were occasional careless errors. A few solutions preferred the y = mx + c approach 
to produce a tangent equation though this did require a lot more manipulation. 

Part (b) proved to be a major challenge for students and few correct solutions were seen. The approach 
for many seemed to be to write down any formulae they knew and then play around without any obvious 
coherent strategy. A simple diagram may well have helped understand the overall direction in which to 
proceed. Often a maximum of two marks were scored by writing the focus as (ae,0) and applying these 
coordinates in the tangent equation to obtain esec θ = 1 or cos θ = e. Occasionally ±ae was written down 
and it was quite a search to see that only the positive one was being used. 

There were few errors writing down a formula for the eccentricity of the ellipse though it was not always 
applied in a convincing way. The easiest way to the answer was to write the answer to the gradient from 

part (a) as . The application of the eccentricity formula soon reaches a 
gradient of value 1. Solutions which used the eccentricity formula at an earlier stage to reach 

 often stopped as tan θ was not calculated. The approach in which the equation of the 

tangent was simplified to  was the least popular, but when done this way was generally 
successful 
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