Questions
Q1.

(@) Showthatr®-(r-1)3=3r’-3r+1

(b) Hence prove by the method of differences that, for #» € Z*

n

z’_z nn+0)(2n +1)

r=1 6
: o n(n+1) :
[You may use z r= = without proof.]
r=1 o~
Q2.
47 + 2

(@) Express 77"+ D7+ 2) iy partial fractions.

(b) Hence, using the method of differences, prove that

n

(Total for question = 6 marks)

2 4r + 2 _ n(an +b)

rr+ D +2) 2+ 1)+ 2)

r=1
where a and b are constants to be found.

(Total for question = 8 marks)



Q3.

2

b
(@) Express 7'~ — 1 in partial fractions.

(b) Hence, using the method of differences, show that, for nezn>2
n

z 2 _Gn+2)m-1
| 2n(n + 1)

r=2

(c) Hence show that, forn>1

Z 2 2an—-1)bn+1)
¥ 3n(cn + 1)(n —1)

where a, b and c are integers to be found.

(Total for question = 10 marks)

Q4.

1

(@) Express (" +06)(7+8) in partial fractions.

(b) Hence show that

<« 2 _ n(an+b)

Z(r+6)r+8) 56(n+7)(n+8)

where a and b are integers to be found.

(Total for question =5 marks)



Q5.

(a) Show that

1

(r+Dr+2)r+3) 20r+Dr+2)

(b) Hence, or otherwise, find

n

|
z (r+D(r+2)(r+3)

r=1

giving your answer as a single fraction in its simplest form.

Q6.

|
(@) Express 47° —1 in partial fractions.

(b) Hence prove that

(c) Find the exact value of

2(r + 2)(r +3)

(Total for question = 6 marks)

(Total for question = 6 marks)



Examiner's Report

QL.

This question required use of the method of differences and summation algebra to prove the standard
result for the sum of the squares. A wide range of mark profiles were seen here. Almost all students were
able to prove the identity in part (a) without error, but part (b) proved rather more demanding.

Some students did not use the result in part (a) and instead used the standard result for the sum of the
cubes or proof by induction. The method of differences was usually correctly applied and with sufficient
terms included. Errors were seen in handling the three term summation although the mark for replacing
21 with n was commonly awarded. Those who had obtained the correct algebraic expression for Zr?
tended to reach the printed answer convincingly.

Q2.

This question on the method of differences saw good scoring in part (a) but less marks were awarded for
part (b).

Part (a) required a rational expression to be written in partial fractions and it was rare to see an
inappropriate method such as the wrong form of fractions, although a few succumbed to sign or numerical
slips.

It seemed that many students were poorly prepared to deal with applying the method of differences to
groups of three fractions, with many unable to deduce how the cancelling took place. Some found terms
for atleast r = 1, 2 and 3 but neglected to find any terms at the upper end of the summation. Those who
presented their work carefully were more likely to identify the six terms that remained and were less likely
to miss any out. Those with appropriate terms usually scored the final method mark for combining their
fractions but fully correct solutions were not widely seen. A few attempts involved rewriting the fractions
from part (a) into groups of two and and then applying the method of differences separately — these
produced mixed results.

Q3.

This question involved using the method of differences. It was very rare to see any errors in obtaining the
correct partial fractions in part (a). The scoring in part (b) was slightly more mixed. The general method

was widely known (and for the most part well executed) but some candidates failed to notice that the
1

summation started at r = 2, usually leading to the indeterminate form of 0 (computed as 0 or 1) appearing
in their non-cancelling terms. Some of these candidates were able to recover by subtracting ther =1
terms later. Those who had obtained terms of the correct form usually scored the second method mark
with an appropriate attempt to combine these terms. The full five marks were commonly awarded. Part (c)
had the command word "Hence" and required the given result from part (b) to be used. Unfortunately,
some candidates chose to repeat the differences work from earlier and some went on to achieve the
correct result but did not receive any credit as they hadn't used the 'hence’ requested in the question. The
correct expression for Sz, was widely seen although some then subtracted S, rather than S,.1. A few
found the resulting algebra rather intimidating — usually making the mistake of needlessly multiplying out
all the brackets.



Q4.

In part (a) almost all students obtained the correct partial fractions expression with any errors caused by
numerical slips. In part (b) most students attempted to sum the given expression by the method of
differences, and most also made the connection between (a) and (b) by multiplying their sum by 2 either
at the beginning or at the end. Students who were unsuccessful tended to forget to multiply the series by
2, while some resorted to using known formulae to try to obtain the result, despite the question being
specific about using the method of differences. Such attempts generally scored zero marks.

Q5.

This question was successfully attempted by the majority of candidates, with most adopting a partial
fractions approach to part (a)and attempting to write the left hand side as a sum or difference of two or
three fractions. Many variations were seen, with those candidates who used the given right hand side to
produce two fractions with denominators 2(r + 1)(r + 2) and 2(r + 2)(r + 3) generally more successful. Of
those candidates who attempted to find three partial fractions, although the majority successfully found

the numerators, many did not produce adequate evidence to progress from this to the given result.
1 1 1

et o K

¥y N0y T Y Ty &
Writing 2Ar+l) (r+2) 2(r+3) and moving straight to the printed result without splitting the

middle term and combining to two terms was an incomplete method and so was awarded no marks.

Surprisingly few candidates took the simpler route of combining the RHS over a common denominator,
but where this approach was used it almost invariably led to a correct result.

Part (b) was well attempted, with many candidates scoring all the marks. Most were able to write the first
and last pairs of terms and use a method of differences to eliminate terms resulting in two correct
fractions. Where errors were seen, these were usually a failure to combine the remaining two fractions or
manipulation errors when attempting to do so.

Q6.

The students found this an accessible start to the paper. There were very few errors in determining the
numerators of the partial fractions. The method of differences was well known and enough work was
presented to be convincing as to how the terms cancelled. Sufficient intermediate steps were seen to lead
to the printed result.

(c) was usually well done but there were cases where the 5 was omitted, where n = 9 was used rather
than n = 8 and where the original fraction was used rather than its sum.



Mark Scheme

Q1.
Question 5 ‘
Nidies Scheme Notes Marks
(a) (=1 =r-0"-3"+3r-1)
3 ( 3 (3) a7 0 {‘3.\'. ¢ g2 3 |
or r—=|r “'l 1 l" =1+, ‘."{‘1] +(-1) Shows a correct expansion of (r-1)° or
T Y i uses @’ —b° =(a—-b)a* +ab+b*
=32 —3r+1* - ” Bl
and achieves the printed answer with
g . , " , N0 errors.
=== +ri-)+(-17)
=372 =3r+1"
_ @
(b) 3 3 Uses the method of differences. Must
" _‘("’_1) i include at least » =1.2...._» or
(n=1y =(n-2) r=1._.. (n—1). n. But may implied
(n-2)"-(n-3)’ ; 3 3_ 3.
by sight of > 7" —(r—1)" =n"sf -
imsufficient terms shown. If method 1s
33 _ 93 clearly other than differences (see note
2 _p3 below), then score M0.The final A
1"3 o mark can be witheld if differences not
shown 1.e. just writes down »°.
. S 7 . n "
n =2 (3 =3r+1)=23r' -2 3r+ 21
r:l Tl Tl 7=l 1\41
Sets 71 = Z (:37‘: =3r+ l) and attempts to expand RHS
el
h n
Zl=n Zl=i7$eenorimplied B1
Tl 7=l
n ~
Rearranges to make k> 7~ the
re=l
n
,-2 XY (ApEAg 4 . _3_ n -
3;’ =n(n-D(n+)+3n(n+1) subject and substitutes for Z r. dml
= =
Dependent on the first method
mark.
i 2 l A+ 1)(2n+1) = Completely correct solution with no Al*
=0 6 11015 seen.
2 +3n°+n 1
Alloweg ———=—n(n+1)(2n+1)
6 6
| (5)
Note: May be seen in (b):
S eia a 1., S -
S ri—(r-1) ==n*(n+1)" —=n*(n—1)" =retc.
ot - - :
Scores a maximum MOMI1B1dMOAO (not using differences)
Generally, there are no marks for proof by induction
I Total 6




Q2.

uestion
?\Tumber Scheme Notes Marks
(@) 4r+2
r(r+1)(r+2)
M1: Correct partial fractions method
e.g. substitution or compares
i 5 3 coefficients to obtain one of 4. B or C
i T 4 B c MIA1 Al
: for —. S —
ro(r+1) (r+2) ro(r+1) (r+2)
Al: 2 Correct fractions (or values)
Al: All correct (fractions or values)
Correct answer with no working scores full marks in (a)
I 3)
4 B C
®) Must have partial fractions of the form —. ) s )A B, C£0 to score the
ro(r+ 2
first M mark in (b)
= (l 2 3) (1 2 3)
Z= == ===
re=l 1 X 3_ »2 3 4
( I 2.3 J [ 1. 2 3 ]
| — | ——
n=1 n n+1) \n n+l n+2 Mi
Attempts at least the first 2 groups of terms and the last 2 groups of terms which may
be implied by their fractions identified below.
Allow other letters for » (most likely to be ) except for the final mark — see below
If terms are found beyond the limits of the summation e.g. »=0.7=n + 1, these can
be 1gnored for this mark as long as at least the terms for =1, 2. n — 1 and » are seen
v) {
Al: l+ " +lt =—) identified as the
1.2 2\ 2
only constant terms
-2, F 3 2 3 3 2 3
=—+—+—— 7% Al: - —— Al Al
17272 nel nel ne2 2+l el ne2
4 S s
oeeg— b o b2 identified
n+l n+2 n+2
as the only algebraic terms
Attempt common denominator from
A C
5(n'+3n+2) 2(n+2)-6(n+1) terms of the form Am S5 -
2(n+1)(n+ ) Must see (n + 1)(n + 2) in the
denominator and an unsimplified
polynomial of order 2 in the numerator.
n(sn+7) ) )
ey Must be in terms of » for this mark. Al
2(n+1)(n+2)
&)

Total 8




Alternative for (b)

1 2 3 [1117:"1 i 3
—_ —— =] —— 1+ 21
ro(r+1) (r+2) \r r+2) \r+1 r+2)
(S | I AL 3.1 1 1 1 1 1 1 1
Z[———|=———+———+...+ - - =1l+———0-
N r¥2) ¥ 3. 2 4 n—=1 n+l n n+2 2 n+l n+2 M1
GafE thAf % ¥ o4 0d
T\ r+1 r+2J 2 3 T n n+2 2 n+2
Re-writes their partial fractions correctly and attempts at least 2 groups of terms at
start and end for first sum and 1 group at the start and end for the second sum
2 ( ). .
Al: l_;.:+lt S ] identified as the
122 2)
only constant terms
= 5 1 3 2
o 2 KA S 3 AlA1
a1 2 n+l n+2 n+l n+1 n+2
1 1 Z .. i
oeeg — - - identified
n+l n+2 n+2
as the only algebraic terms
Attempt common denominator from
7 { B .
B 5(n"+3n+2)-2(n+2)-6(n+1) terms of the form -’Lm-n_*_z only. S
2(n+1)(n+2) Must see (n + 1)(n + 2) 1n the
denominator and an unsimplified
polynomial of order 2 in the numerator.
n(s5n+7) . .
Must be 1n terms of » for this mark. Al

2(n+1)(n+2)




Q3.

Question -
Numt Scheme Notes Marks
(a) 2 _ 4 4 B
r-Dr+1) -1 @+
1 o |
2 o || 1 Oe e.g. allow = + 3D B1
= = r— r+
r=1){r+1) (-1 (@r+1
C-De+) -1 ¢+D) Must be in terms of r.
Do not allow this mark for just finding their constants e.g. .4 =1, B =-1 but allow this
mark to be recovered in (b) if the correct partial fractions are seen or used.
@
(b) ; 2 : - 4 B
To score in (b) they must be using partial fractions of the form +
(r-1) @+
"{11][11) (11'}(1 1)
Y=z [+ 2= [F - — |4 —-—
o2 tl 3] \2 4 n-2 n n—1 n+l
Attempts at least the first 2 groups of terms and the last 2 groups of terms
which may be implied by their non-cancelling fractions identified below
Allow other letters for » (most likely to be ) except for the final mark — see Mi
below
If terms are found beyond the limits of the summation e.g. »=0, = 1. these
can be 1gnored for this mark as long as at least the terms for »=2.3. n—1 and
1 are seen
1 P
1, = or— | identified as the only
) 2 Alft
constant term(s). Follow through their Mioa
partial fractions so allow ¢PEN
their A their 4
2. 2 11 1 :
Zr M e [ 1L
27T 2 n (ntD S identified as the only
n  (n+l)
algebraic terms. Follow through their
: : Alft
partial fractions so allow
their B their B
n  n+l
Attempts common denominator from
. terms of the form -4!Ei only.
In(n+1)-2(n+1)-2n - non+l
= (41 Must see n(n + 1) in the denominator | dM1
2n(n+1) and an unsimplified quadratic
expression in the numerator.
Dependent on the first method mark.
3 -n-2 GBn+2{n-1)
= = * Cso. No errors seen but see note below. | Alcso
2n(n+1) 2n(n+1)
Note: If extra terms were considered for the first M mark, (usually those for r =
1), allow a full recovery if the correct constant terms are “extracted’.
X2 L
Some candidates attempt Z T3 = Zz—land the same ruling applies as the
PN ca T R
term for r = 1 effectivelv cancels out, leaving the correct non-cancelling terms.
(




(c)

s _BZ" 2 _ (3x3n+2)(3n-1)
MG Dr+)  2x3n(3n+])
Correct. possibly unsimplified. expression for S3» using the given result in (b)

B1

s _(B3x3n+2)(3n-1) _(3(n—1)+2)(n—2)
Tl 2% 3n(3n+1) 2(n—1n
Attempts S;, —S,, using the given result in (b)

If there is any doubt about the "S,_; ". at least 3 of the »’s should be replaced by n - 1

M1

_On+2)3n-1)(n-1)-33n+1)(3n-1)(n-2)
6n(3n+1)(n-1)
_(Gn- DOn* —Tn-2-33n* -5n-2))
6n(3n+1)(n-1)
Attempts common denominator involving n, 37 + 1 and 7 — 1 and attempts a factor of
3n—1 in the numerator or vice versa. Note that the numerator may be expanded

completely to give 247° + 47 — 4 and the 3n — 1 then attempted as a factor.
Dependent on the previous mark.

dM1

_2(3n-1(2n+1)
T 3In@Bn+)(n-1)

Cao

Al

)

If (c) is attempted using the method of differences (i.e. repeating the work in (b))
then this scores 0/4 in part (c).

Total 10




Q4.

=
I?I::fx;:rn Scheme Notes Marks
1
(r+6)(r+8)
(@) 1 : 1 o Cor_rect partial fractions, any Bl
2(r+6) 2(r+8) equivalent form
(1)
(b) (,1](111111 1 1 1 1}
= 2x— |l —— =t —+——— + - - ~
27 9 8 10 9 11 n+5 n+7 n+6 n+8
Expands at least 3 terms at start and 2 at end (may be implied)
The partial fractions obtained in (a) can be used without multiplying by 2. Ml
Fractions may be %x%—%x% etc These comments apply to both M1 and A1
S 1 1 4
St ——= Identifies the terms that do not cancel | Al
7 8 n+7 n+8
15(n+7)(n+8)-56(2n+15) Attempt common denonunator
= S6(nt 7V nt8 ' Must have multiplied the fractions Ml
56(n+7)(n+8) from (a) by 2 now
B n(15n+113)
& 56(n+7)(n+8) Fis0
4
Total 5




Q5.

Question

Number Scheme Marks
1 _ 1
20+ D(r+2) 2(r+2)(r+3
(a) _( r)i 3 ()r P 1)( X ) Attempt common denominator M1
20+ D+ 2)(r +3)
2
T2+ 1)(r+2)(r +3
X i X ) Correct proof Al
T (D +2)(+3)
2
1 | 1 | EY o
r+DF+2)(r+3)  r+2l (r+1)(r+3) ) r+2(2(r+1) 2(r+3) Mi
(a) Way 2 ' : '
1 : 1
20 +1)(r+2) 2(r+2)(r+3) Al
M1: Factor of = and attempt partial fractions
r+2
Al: Correct proof
Other methods: Complete method scores M1
All work correct inc final answer reached Al
) — -
=2 +D(r+2)(r+3) Attempt at least the first pair and the
®) X A last pair of terms as shown. M1
12 24
1 1 Must start at 1 and end at n
+ —_—
2n+Dm+2) 2(n+2)(n+3)
= i - 1 Identifies that the first and last terms Mi
12 2(n+2)(n+3) do not cancel.
*+5n+6-6
s s Correctly combined fractions Al
12(n+2)(n+3)
_ n +5n n(n+5) *%| Allow either form
12 +2)(n+3) 12(n+2)(n+3) 1sw attempts to multiply out the Al
denominatot
@

Total 6




Q6.

t1 2
%ul:]sl;z;l Scheme Notes Marks
(a) 1
4r’ -1
1 1 ] l : ;
2 or—% —_ 7T Correct partial fractions or correct
2(2r-1) 2(2r+1) (2r-1) (2r+1) | values of ‘A’ and ‘B". Isw if possible so
or equivalent or if correct values of 4" and "B’ are B1
1 A B 1 1 | found. award when seen even if
4 1 = r—1 x el =4d= 5 B= B followed by incorrect partial fractions.
_ @
N . . SN I ]
S 20 3 -1 2n+1
Attempt at least first and last terms using their partial fractions. M1
5 15 1 1
May be implied by e.g. —| 1—
O I 2 ( 2n+1 )
1/ (N T | 1 1 1 .
2" %m1) 2 aEey ¥ 2w | Comect expression Al
= L ) o Correct completion with no errors Al*
2n+
Allow a different variable to be used in (a) and (b) but final answer in (b) must
be as printed i.e. in terms of 7.
®
(c) X 5 , n
> ——=(5)(f(25)-1(8)) £(25)—f(8) where f(n)= M1
= 4-1 2n+1
25 8 5
=5(—-—]=— cao Al
51 17 51
Correct answer with no working in (c) scores both marks.
(2)

Total 6




