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Proof by Induction

Introduction to Proof by Induction
What s proof by induction?

= Proof by inductionis a way of proving aresult is true for a set of integers by showing
thatif itis true for one integer thenitis true for the nextinteger

= |tcanbethought of as falling dominoes:
= Assume one domino falls
= The assumption step
= Show thatif this domino falls, the next domino falls
= Theinductive step
= |f youwantalldominoes to fall (from the beginning) then
= Show also that the first domino falls

= The basic step

What are the steps for proof by induction?
= STEP1
The basic step: Show theresultis true for the base case
= Thisisnormallyn=1o0orn=0

= STEP2
The assumption step: Assume the resultis true for n = k where kis some integer

= Thereisnothing to do for this step apart from writing down the assumption

= STEP3
The inductive step: Use the assumption to show theresultistrueforn=k+1

= Thisinvolvesinvestigating n=k+ 1 and bringingin the n= k assumption

= STEP4
The conclusion step: Explainin words how the above steps make the result true for all
integers, using the following two sentences:

= "Ifitistrueforn=k,thenitistrueforn=k+1."

= "Asitistrueforn=1,the statementistrueforalln€z*."

-

Examiner Tips and Tricks

4

Your notes
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Learn the exact wording from the conclusion above! You canlose the final mark if your ,
conclusion does not make sense.
Your notes
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Standard Proofs by Induction 4

Your notes

Proof by Induction with Series

What are the steps for proof by induction with series?

= Forexample: prove that

n
» |thasaleft-handside, [ HS= 3 12

r=1
= andaright-hand side, RHS = %n(n +1)Q2n+1)

= STEP1
The basic step: Showresultistrueforn=1

= Substitute n=1 into both sides individually

1
LHS= 2. P=12=1

r=1

1 1
RHS=gx1x(1+1)(2xl+1)=g><2><3=1

= STEP2

The assumption step: Assume the LHS and RHS are equal forsome n = kwhere k is
someinteger

= Replace n with k in the statement
= Write: "Assume is true"
= STEP3
The inductive step: You need to prove that the LHS and RHS are equal forn=k+ 1

= Startwiththe LHSforn=k+1

k+1 k
= Takethelasttermout: 3" 2 = 3" 22 +(k+1)2
r=1 r=1

= Substitute in the assumption (STEP 2):

- kfrz = %k(k+ DQRk+1) +(k+1)2

r=1
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= Factorise: ,

%(k+1)[k(2k+l)+6(k+1)] Your notes
= %(1{+ 1[2k2+ 7k + 6]
= %(1{+ 1(k+2)(2k+3)

= Checkifitisthesameasthe RHSforn=k+1

1

RHS=—(k+1)((k+1)+1)Q2k+1)+1)

|~ |

(k+1)(k+2)(2k+3)

= SOLHS =RHSforn=k+1,aslongasthe assumptionis true

= STEP4

The conclusion step: Explain in words how the above steps make the result true for all
integers, using the following two sentences:

= Ifitistrueforn=k,thenitistrueforn=k+1."

= "Asitistrueforn=1,the statementistrueforallpez+."

o

Worked Example
Prove by induction that for.

STE P 1: The basic step
Findthe LHSwhenn=1

1
2.i(r-3)=1(1-3)=-2
r=1
Findthe RHSwhenn=1

1 1
gxlx(l—4)(l+1)=§x(—6)=—2

The LHS and RHS are equal, which shows the statementis trueforn=1
State this

LHS =RHS, soitistrueforn=1

STEP 2: The assumption step
Assume the statement is true for some n= k where k is a positive integer

k
1
Assume that 3~ f(r—3)= Ek(k_ 4)(k+1)

r=1
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STEP 3: The inductive step ,

Findthe RHSwhenn=k+1
Your notes

%(k+ Dk+1-4)(k+1+1)= %(k+ D(k=-3)(k+2)

Findthe LHSwhenn=k+1
k+1
2. r-3)
r=1
Prove that the LHSwhen n=k+ 1 equalsthe RHSwhenn=k+1
Start by pulling out the final termin the sum

k+1 k

; r=3)= Zz{r— 3)+(k+1)(k+1-3)

= %;{r— 3)+(k+1)(k-2)
r=1

Now use the assumptionin STEP 2 toreplace the sum from1to k withits answer

k_f,(r- 3)= %k(k—4)(k+ D (k+ 1)(k—2)

Now factorise the right-hand side

kz+:11(r— 3)=(k+1) %k(k—4) +(k-2)
r=1

- %(k+ DIk(k—4)+3(k-2)]

Expand inside the square brackets then continue to factorise

kfz(r— 3)= %(k+ D[k?-4k+3k-6]

r=1

= 3k DK~ k6]
=%(k+1)(k—3)(k+2)

Thisisthe same asthe RHSwhenn=k+1
The LHS and RHS are equal, which shows that the statementistrue forn=k+1
State this

LHS =RHS, soitistrueforn=k+1

STEP 4: The conclusion

We have just proved that if the case when n =k is true, thenthe casewhenn=k+ 1 is
true

We have also shown that the case whenn=1istrue

Those two parts come togetherto meanthatn=1istrue,son=2istrue,son=3is
true, ...and soon
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Ifitistrue forn=k, thenitistrueforn=k+1. /

Asitistrue forn=1,the statementistrueforalln€zZ*.
Your notes

Proof by Induction with Divisibility

What are the steps for proof by induction with
divisibility?
= Forexample: prove that f(n) = 47 — 1 is divisible by 3 for all positive integers n
= Beingdivisible by 3is the same as being a multiple of 3
= STEP]
The basic step: Showresultistrueforn=1
= Substitute n=1 into the function
= f(1)=4!-1=3whichis divisible by 3
= STEP2

The assumption step: Assume f(k) = 4k — 1 is divisible by 3 for some n = k where k is
someinteger

= Replace p with k in the statement
= Write "divisible by 3" as " =3m" where m is a positive integer
= Sof(k)=4k—1=3mwhere mez*
= |thelpsto make 4k the subject: 4k=1+3m
= STEP3
The inductive step (method 1): You need to show that the n= k+ 1 caseis divisible by 3
= Substitute n=k+ 1into the function
= f(k+1)=4k+t1-1
= Useindexlaws to substitute in the assumption (STEP 2)4k=1+3m
» f(k+1)=4(48)—1=4(1+3m)—1=3(4m+ 1)whichisamultiple of 3
» So f(k+1)is divisible by 3 (as long as the assumption s true)
= STEP3

The inductive step (method 2): An alternative method is to show that the difference
f(k+ 1) - f(k) is amultiple of 3

e flk+1)-f(k)=3x%...
» Making f(k+ 1)the subject gives f(k+ 1) =f(k) +3 X ...

» Sof(k+1)isdivisible by 3 (aslong as the assumptionis true, i.e. that f(k) is divisible
by 3)
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= This method does not always work ,
= Whenitdoes, ahint willbe givenin the question Your notes
= STEP4

The conclusion step: Explainin words how the above steps make the result true for all
integers, using the following two sentences:

= "Ifitistrueforn=k,thenitistrueforn=k+1."

= "Asitistrueforn=1,the statementistrueforalln€z*."

o

Worked Example
Prove by induction that f(n) = 67 + 132+ 1 is divisible by 7 for allintegers satisfying .

STE P 1: The basic step
Prove thatitistrue forn=0

£(0) =60+ 130+1
=1+13
=14
=7%x2

State thatitistrueforn=0
14 is divisible by 7, so it is true forn=0

STEP 2: The assumption step
Assume the statement is true for some n= k where k is a positive integer

Assume that f(k) = 6 + 13k * 1 is divisible by 7
Replace "being divisible by 7" with being equal to 7m, where mis a positive integer
6k+13k+1=7m

STEP 3: The inductive step
Substitute n=k + 1 into the function

flk+1)=6k+1+ 136k +1D+1
=6k+14 13k+2

Now make either 6k or 13k+1 the subject of STEP 2 and substitute itin
It helps to use index laws first

flk+1)=6kx6+13k+2
=(7m—13k+1)x 6+ 13k +2

Simplify the terms, using index laws to group the 13k *1 terms
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f(k+1)=42m—6x 13k+1 4 13k+2 ,
=42m—-6Xx 13k+1+ 13X [3k+1
=42m+(—6+13)x 13k+1
=42m+7x 13k+1

Your notes

The goalis to show that this resultis divisible by 7
Factorise out a7 to show this

f(k+1)=7x(6m+ 13k+1)
State thatitistrueforn=k+1
f(k+ 1) isdivisible by 7,soitistrue forn=k + 1

STEP 4: The conclusion

We have just proved that if the case when n= kis true, thenthe casewhenn=k+ 1 is
true

We have also shown that the case when n=0is true

Those two parts come togethertomeanthatn=0istrue,son=1istrue,son=2is
true,...andsoon

Ifitistrue forn=k,thenitistrueforn=k+1.
Asitistrue forn=0, the statementis true forallintegers n > 0.

Proof by Induction with Sequences

What are the steps for proof by induction with
sequences?

Forexample: prove that the sequence givenrecursivelyby i, = 3UH +4 where u = 1
has the nth term formula forn > 1

STEP1
The basic step: Show resultistrueforn=1
= Substitute n =1 into the formulae separately

= u, =1 fromtherecursive formula
U= 31=2=1 fromthe nt" term formula

STEP 2

The assumption step: Assume that the term u, satisfies u, = 3k—2forsomen=k

where k is some integer

= Replace n with k inthe statement

= The assumptionis onthe nt"term formula
= (not ontherecursive formula)

STEP 3
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The inductive step: Show that the nt term formula s true forn=k + 1 ,
= Usetherecursive formulato write Your notes
= Substitute in the assumption (STEP 2) and simplify
= k— =3k+1 -
o ou , =303k-2)+4=3 2
= Checkthisisthe same asthe nthterm formulawhenn=k+1

—2k+1_
= U, 3 2

= |tisthesame
= STEP4

The conclusion step: Explainin words how the above steps make the result true for all
integers, using the following two sentences:

= "Ifitistrueforn=k,thenitistrueforn=k+1."

= "Asitistrueforn=1,the statementistrueforalln€z*."

o

Examiner Tips and Tricks

= [f therecursive formulainvolves the previous two terms, then the basic step must
be done forbothn=1andn=2.

o

Worked Example
Asequenceisdefinedbyu . =5u —4wheretu, =2 and.
Prove by mathematicalinduction that, where..

STE P 1: The basic step
Find u, from the recursive sequence

Find u from the nth term formula

u =51"1+1
=50+1
=1+1
=2

These two terms are equal
State thatitistrueforn=1

Itistrueforn=1
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STEP 2: The assumption step ,
Assume the formulais true for some n = k where k is a positive integer

Assume that uk=51“1 +1

STEP 3: The inductive step
Use therecursive sequence towrite U, | interms of i

Uy =5U 4
Replace U, with the assumptionin STEP 2 and simplify

u , =5(5k"1+1)-4
=5k+5-4
=5k+1]
Check that this is the same as substituting n = k + 1 into the nth term formula
u  =5&+D-141

k+1
=5k+1

State thattheresultistrueforn=k+1
[tistrueforn=k+1

STEP 4: The conclusion

We have just proved that if the case whenn = kis true, thenthe casewhenn=k+1is
true

We have also shown that the case when n=1istrue

Those two parts come togetherto meanthatn=1istrue,son=2istrue,son=3is
true, ...and soon

Ifitis true forn=k,thenitistrueforn=k+1.
Asitistrue forn=1,the statementistrueforallpn€z+.

Proof by Induction with Matrices

What are the steps for proof by induction with
matrices?

270 20 .
= Forexample: prove thatM2 = L—on | whereM = 1 forallintegers.

= STEP1
The basic step: Showresultistrueforn=1

= Substitute n=1 into formula

M- 21 0) 20_M
1-211) {-11)"

= STEP2

Your notes
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2k

0
The assumption step: Assume Mk=( )istrueforsomen=kwherekis some ,

1-2k1

. Your notes
integer

= Replace n with k in the statement
= STEP3
The inductive step: Youneed to show thatthe n=k+ 1 caseis true

= Useindexlaws to write Mk +1 = MMk

2k 0 20 260
= Substitutein the assumption: Mk +1=M =

1-2k1 -1 1 A1=-2k1

= Multiply the matrices

. M= 2k+1 0 B 2k+1 0
1-2x2k 1 1-2k+1]

= Checkifitisthe same asthe formulawithn=k+1

. el 2k+1 0
M - 1_2k+11

= |tisthesame
= STEP4

The conclusion step: Explain in words how the above steps make the result true for all
integers, using the following two sentences:

= "Ifitistrueforn=k,thenitistrueforn=k+1."

= "Asitistrueforn=1, the statementistrueforalln€z*."

o

Worked Example

22
The matrixM is givenby M = (0 ) )

n n —
Prove, using mathematicalinduction, that M» = (20 202 : D )forall
integers satisfyingn > 1.

STE P 1: The basic step
Prove thatitistrueforn=1
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21 2(21- 1)
Ml:(o 1 ) ,

Your notes
~ ( 2 2w

\0 1)
=M

State thatitistrueforn=1
Iltistrueforn=1

STEP 2: The assumption step
Assume the formulais true for some n = k where k is a positive integer

k k—
Assume that Mk = {2 22k-1) \
\ 0 L.
STEP 3: The inductive step
Lookatthe powerofn=k+1
Mk +1

Useindexlaws, then substitute in the assumption from STEP 2
Mk +1=MiM!
: 2k 2(2k=1)\(2 2
Lo 1 01

Use matrix multiplication to work out the right-hand side
Simplify the terms

MEH = 2kx2+0 2kx2+202k+1-1)x1
L 0+0 0+1
(2k+1 2X2k+1—21

\ 0 ! )

Checkthat thisis the same as substituting n= k + 1 into the formula forM?

M+ = 2k+1 2(2k+1_ 1)
Lo 1

2k+1 2 x2k+1 -9
Lo 1

State thattheresultistrueforn=k+1
[tistrueforn=k+1

STEP 4: The conclusion

We have just proved that if the case when n= k is true, thenthe casewhenn=k+ 1 is
true

We have also shown that the case when n=1istrue

Those two parts come togetherto meanthatn=1istrue,son=2istrue,son=3is
true, ...and soon
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Ifitis true forn=k, thenitistrueforn=k+ 1. ,

Asitistruefor n=1, the statementistrueforalln€z*.
Your notes
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