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RootsinIntervals /

Your notes

RootsinIntervals

Whatis aroot of an equation?
= Arootof the equation f(x) = 0 is a solution
= If x=gisarootof f(x)=0then f(z)=0
= The Greekletteralphais oftenused
= To find ¢ exactly, you need to solve the equation algebraically (analytically)
= Some equations cannot be solved algebraically
= |Inwhich case you can approximate aroot to a given accuracy
= Forexample, to 3 decimal places

= Thisis called solving equations numerically

Whatis aninterval?
= |fyoudon'tknow the rootbutknow thatitlies between x = g and x= b, where a< b, then
= a<x<pisaninterval containing the root
= [ntervals can be written using bracket notation
» (a, b)isa<x<b

» [a, blisa<x<b

How do | show that aninterval contains aroot?

= Use the sign-change and continuity test to show that the interval a < x < b contains a
root to the equation f(x) =0

» Show that f(a) and f(b) have different signs and check that f(x) is continuous across
a<x<b

= Thentheinterval a < x < b must contains aroot

= Continuous means no jumps or asymptotesin the interval
= Checkthe equation does not divide by zero within the interval
= (Jumps orasymptotes outside of the interval are fine)

= You must write a conclusion to the testin words, for example:

= "f(x) hasasignchangeintheinterval a< x < b and f(x) is continuous in the
interval, so aroot mustlieintheintervala<x<b"

[ -
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Examiner Tips and Tricks Y
our notes

When writing your conclusion in the exam, don't forget to mention f(x) being
continuousintheintervall

\
How do | show that an equation has aroot to agiven
accuracy?

= |f askedto showthat x=1.39 is the root of an equation to 2 decimal places
= write aninterval using the lower and upper bound of the root
= 1.385<x<1.395

= use the sign-change and continuity test on thisinterval
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FOR A CONTINUOUS FUNCTION f(x) Your notes

FIND f(a) AND f(b) BY SUBSTITUTING GIVEN
NUMBERS INTO THE FUNCTION

IF THE TWO ANSWERS HAVE DIFFERENT SIGNS
THERE IS A ROOT BETWEEN THEM

e.g. SHOW THAT f(x)=27-5tanx HAS A ROOT
OF 1.39 CORRECT TO 2 DECIMAL PLACES.

THERE IS A ROOT, ie.f(x)=0
BETWEEN 1.385 AND 1.395

y = f(x)
f(1.385) GIVES A |
POSITIVE SOLUTION |
|
: | X
1.385 . 1.395

SYMBOL d. (ALPHA

:R_‘a £(1.395) GIVES A
THE ROOT 1S NEGATIVE SOLUTION
SHOWN BY THE

)

TO SHOW A ROOT IS CORRECT, FIND ITS
UPPER AND LOWER BOUND AND SHOW
THERE 1S A SIGN CHANGE BETWEEN THEM

LAR)

ALL VALUES IN THIS INTERVAL ROUND TO
139, SO d.=139 TO 2 DECIMAL PLACES
(USING BOUNDS 1.385 < d.<1.395)

= Asuitable conclusion would be
= f(x) has asignchangeintheinterval 1.385 <x <1.395
= and f(x) is continuous in the interval

= soarootmustlieintheinterval1.385<x<1.395

Allvaluesintheintervalroundto 1.39

= sotherootis1.39 to 2 decimal places

How do | know when the sign-change test fails?
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= Youneed to know the three cases when the sign-change and continuity test fails to ,

work properly:
Your notes

= Ifthe curve y = f(x) only touches the x-axis at the root, you will not see a sign
change (eventhoughthereis aroot)

= Ifthe curve y = f(x) has an asymptote in the interval, then you may see a sign change
(but thereisnoroot)

= The asymptote means f(x) is not continuous
= [ftheintervalistoolarge, there may be more thanonerootinit
= Youmay see asign change (an odd number of roots)

= Oryoumay not see asign change (an even number of roots)

BEWARE LARGE INTERVALS AND ASYMPTOTES

BETWEEN 1 AND 2.5, f(x)
HAS TWO ROOTS
f(1) AND f(2.5) WOULD

ROOTS CAN OCCUR WITH BOTH BE POSITIVE SO
NO SIGN CHANGE Y THESE ROOTS MAY BE
WHERE f(x) JUST TOUCHES MISSED ENTIRELY

THE x—AXIS RATHER THAN
PASSING THROUGH IT

f(x)

I
105 | [os 4U

BETWEEN 041 AND 2.5, f(x)

HAS THREE ROOTS

(0.1 AND f(2.5) WOULD

o SHOW A SIGN CHANGE,
HOWEVER THIS COULD BE
MISINTERPRETED AS A

L SINGLE ROOT

BETWEEN -0.1 AND 0.1, f(x) GOES
FROM POSITIVE TO NEGATIVE
THIS IS BECAUSE OF AN
ASYMPTOTE NOT ROOT

o

Worked Example
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has exactly one positive root. ,
Your notes

The equation f(x) =0 where f(x) = x — x4+

(a) Show that the intervals [0, 1]and[1, 2] both have a change of signin f(x).

Substitute x=0, x=1 and x =2 into f(x)

1
=0-04+ —=—
£(0)=0-04+ 5557 = -1
f(1)—1—14+—1 =1
- 2x1-1"
1 41
- by
f2)=2-2 357 3

Comment that the signs are different for eachinterval

£(0)= —1<0and f(1)=1>0 sothereisasignchangein[0, 1]
41
f(1)=1>0and f(2)= — N <0 sothereisasignchangein[1, 2]

(b) Determine, with areason, which of the intervals contains the root.

Aninterval contains aroot if f(x) has a sign change and is continuous in that interval
Checkto seeif f(x) is continuousin [0, 1]
You need to look forany asymptotes

1

isundefinedwhen x = —
2x—1 2

1
The asymptote x = 5 liesintheinterval [0, 1]
There are no otherasymptotes and only one root

Theinterval [1, 2] contains the root as there is a sign change and f(x) is continuous

1
Theinterval [0, 1] contains the asymptote x = 7 so f(x) is not continuous
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Interval Bisection

Interval Bisection

Whatisinterval bisection?

4

Your notes

= Interval Bisection means splitting aninterval containing aroot into two halves and using

a sign change test to find out which half contains the root

= Forexample,if f(1) <0 and f(2) >0 and f(x) is continuous

= Thenarootmustliein[1, 2]

= Find the midpoint of the interval
= x=1.5

= Checkthe sign at the midpoint

= Forexample, f(1.5) <0

= Write down the half-interval that has the sign change

= £(1)<0,£(1.5) <0 and f(2) >0
= So[1.5,2]hasthesignchange

= The processcanberepeated

= Forexample,if f(1.75) >0 then[1.5, 1.75] contains the sign change

How do luse interval bisection to estimate aroot?

* Ifarootliesintheinterval[1, 2], then the first approximation of the root, X, , is simply the

midpoint

u X1=l.5

* The second approximation, X, , requires using Interval Bisection once

= Forexample, giving[1.5, 2]
= Then find the midpoint

] X2= 1.75

= Andsoon

=

Examiner Tips and Tricks
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Read the question carefully to see if an approximation to the root is required, or the ,
interval containing the root is required.

o

Worked Example

Your notes

The equation x3+ x - 16 =0 has arootin theinterval [2.1, 2.9].
Useinterval bisection to find aninterval of width 0.2 that contains the root.
Find the width of the interval givenin the question

2.9-2.1=0.8

Interval bisection halves the width
To getawidth of 0.2, interval bisectionis needed twice
Find the signs of the interval end-points

f(2.1)= —4.639<0
£(2.9)=11.289>0

Find the midpoint of the interval

_21429
X= ) =_Z.
Find the sign of f(x) at x=2.5

£(2.5)=2.125>0

Find the new halved interval containing the sign change
Check the signs: f(2.1) <0, f(2.5) >0 and f(2.9) >0

[2.1,2.5]

Repeat the process
Find the midpoint of the interval

_2.1+25 —53
x= 2 =

Find the sign of f(x) atx=2.3
f(2.3)= - 1.533<0

Find the new halved interval containing the sign change
Checkthe signs: f(2.1) <0, f(2.3) <0 and f(2.5) >0

[2.3,2.5]
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Linear Interpolation 4

Your notes

Linear Interpolation

Whatis linearinterpolation?

= Linearinterpolation draws a straight line between the points A and B with coordinates
(a, f(a)) and (b, £(b)), where a< x < b is aninterval containing aroot to the equation
f(x)=0

= Asf(a) and £(b) have different signs, A and B are on either side of the x-axis
= The approximation to the root is where this straight line cuts the x-axis

= Thisis at the point X with coordinates (x, 0)

= Points A, Xand Blie onthe same straight line

= |thelpstouse the gradient formula

Yy©™ N

XTX

= The gradient between (Xl, yl) and (X2, yz) is

How do | apply linear interpolation using gradients?
= Thisis best explained with an example
= Iftherootof f(x) =0 liesintheinterval[1, 2]and f(1) = = 5 and f(2) = 10, then:
» Aisthepoint(1, —5)
» Bisthepoint(2, 10)
= Xisthe point(x, 0)
= Thisis the x-intercept of the line AB
= A XandBlie onthe same straightline
= The gradient of AX equals the gradient of XB
= The order matters (not BX)

= Usethe gradient formulato set these equal

0-(-5) 10-0 . 5 10
= giving =
x—1

x-1  2-x 2—-x
= Solve the equationto find x

= 52-x)=10(x-1)

= expandandsolvetoget x=

(SIS

= This process canbe repeated to get the next approximation
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= This gradient method does not require a sketch ,

What other methods canluse todolinear Your notes
interpolation?

= You cansketchthe points A, B and X on a diagram and use similar triangles either side of
the x-axis to find an equationin x

= Thisleadsto the same equation as the gradients above

= Oryou canuse coordinate geometry to find the equation of the line AB
. Usey—,Y]:m(X_Xl)
= Thenfindits x-intercept

= Substitutein y=0andsolve forx

o

Examiner Tips and Tricks

If the calculations involve lengthy decimals, you canuse f(a) and f(b) to stand for their
numbers in your working!

o

Worked Example

The equation f(x) =0 where f(x) = x3 - ,/x —2 hasarootintheinterval[1.4, 1.5].

Use linearinterpolation once to find an approximation to the root, giving your answer
to 3 decimal places.

Find £(1.4) and f(1.5)

£f(1.4)=1.43- /1.4 -2=—-0.439215...
£f(1.5)=1.53-/1.5 =2=0.150255...

Itis easier to write them as f(1.4) and f(1.5) for now
Let A, Band X be the points (1.4, £(1.4)), (1.5, £(1.5)) and (x, 0)

Y,y
Use the gradient formula z -1 to find the gradient of AX
X,—X
2 M
gradientofAXism
x—1.4
. Yam .
Use the gradient formula to find the gradient of XB
X,—X
2 M
f(1.5) -
gradient of XBis m
1.5-x
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Setthe two gradients equal to each other

0-1(1.4) £(1.5)-0
x-14 = 15-x

Simplify and cross multiply
—1(1.4) _ £(1.5)
x-14  1.5-x
- £(1.4)(1.5-x) = £(1.5)(x — 1.4)

Expand and collect the x terms on the right-hand side

-1.5f(1.4) + £f(1.4)x=£(1.5)x — 1.4f(1.5)
1.4£(1.5) = 1.5f(1.4) = £(1.5)x - £(1.4)x

Factorise out the x, then make x the subject

1.4£(1.5) - 1.56(1.4) = x[£(1.5) - £(1.4)]
1.4£(1.5) = 1.5£(1.4)
f1.5)-f(1.4)  *

Substitute in f(1.4) and f(1.5) from above

1.4x0.150255...— 1.5 x(-0.439215...) _
0.150255... — (—0.439215...) X
1.47451...=x

Give yourfinal answerto 3 decimal places
1.475 to 3decimal places

If you did the working without f(1.4) and f(1.5), keep lots of decimal places

4

Your notes
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Newton-Raphson Method 4

Your notes

Newton-Raphson Method
How do | apply the Newton-Raphson method?

= The Newton-Raphson method s a process for finding roots of equations
= Equations must be rearranged into the form f(x) =0

= If x=gisarootof the equation f(x) =0, then you need to choose X, theinitial (first)

approximation

= Thisisusual giveninthe question(andis avalue near to the root)

= Youcanthenfind successive approximations X, X,, X, ... using the Newton-Raphson

formula:

= Thisisaniterative formula
» f'(x)isthe derivative of f(x)
= Work this out beforehand
= Increasing the number of approximationsimproves the accuracy

= The Newton-Raphson method usually converges quickly to the root compared to
othermethods

=

Examiner Tips and Tricks

The formula for the Newton-Raphson method is givenin the Formulae Booklet.

L
How do | apply the Newton-Raphson method on my
calculator?

= |fyourcalculatorhas arecursion function
= |nput the formula, start value and number of steps
= Theoutputis a table showing all the approximations
= Alternatively:

= Typeinthevalue of X, and press =

= Thisstoresitinthe "Ans" (answer) button
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f(Ans)
= Type Ans— ——— intoyourcalculatorand press =
f'(Ans)
Your notes
= Thisfinds X,

= Without pressing any other button, press = again

= Thisfinds X,

= Repeatedly pressing = gives further approximations

= The moreyou pressit, the closerto therootitbecomes

How does the Newton-Raphson method work
geometrically?

= The method works by drawing a tangent to the curve y = f(x) at x = x,,
= thenfinding where the tangent cuts the x-axis
= This x-interceptis the new approximation, X,
= Thisprocessisthenrepeated
= Drawthetangentto y=f(x) at x=x,
= Findits x-intercept and callit X,

= The approximations get closerand closer to the root

Y
_ /
NEWTON—RAPHSON FORMULA y=fx
_H n) TANGENT
Xpeq = Xn — /X AT %,
fix,)
ROOT, d.
I
I
X, X4 X

How do | know if the Newton-Raphson method will
fail?

= The Newton-Raphsonmethod failsif the initial value, X, satisfies f’(xo) =0

fx,)

= Algebraically, thisis because the formula X =X~ cannot divide by zero

fx,)

= Geometrically, thisis because X, is at a stationary point onthe curve y = f(x)

= Atangentdrawn at a stationary point is horizontal
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= This willneverintersect the x-axis ,

= The Newton-Raphsonmethod also fails if the sequence X, X, X, ... diverges Your notes
= Thiscanhappenif X is chosen:

= too faraway from the root
= oratapoint where the gradientis very small

= The Newton-Raphson method is sometimes avoided when f(x) is too tricky to
differentiate

y y = f(x)
X, IS TOO FAR AWAY FROM

THE ROOT (d.) LEADING TO

A DIVERGENT SEQUENCE OR \ Xo

A DIFFERENT ROOT /O \\<~ X

TANGENT GRADIENT 1S TOO
SMALL, SO THE POINT OF

y = f(x)
INTERSECTION IS TOO FAR
FROM (dl)LEADING TO A «
DIVERGENT SEQUENCE OR )A/ >

0
ONE WHICH CONVERGES
VERY SLOWLY
4 y = f(x)
TANGENT IS HORIZONTAL
SC WILL NEVER MEET .
THE x—AXIS -
/O N\ /d X
.
Worked Example
The equation 2x4—4x3 = — 1 hasasolutionintheinterval[1, 2].

(a)Using X, = 2 as the first approximation to the solution, apply the Newton-Raphson
method to find a second approximation.

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com

14


https://www.savemyexams.com/?utm_source=pdf

Rearrange the formulainto the form f(x) = 0 ,
2x4—4x3+1=0sof(x)=2x%—4x3+1 Your notes

(Youcouldalsouse —1 +4x3 —2x4)
Find f'(x) using differentiation

f'(x)=8x3— 12x2

Substitute f(x) and f'(x) into the Newton-Raphsonformulax  =x -

1 F(x,)
(2X 4—4x 3+ 1)
- 0 7
X1 =%, (8X 3-12x 2)
n n
Substitute X, = 2Zinto the formula to get X,
o (@x24-4x23+1)
TS T (gx 23— 12%22)
T
=1.9375
Check this solutionliesin theinterval[ 1, 2]
X, = 1.9375

31,
— isalsoaccepted
16

(b) Explain why the midpoint of the interval (1, 2) cannot be used as the first
approximation when applying the Newton-Raphson method.

The Newton-Raphson method fails if X, satisfies f'(xo) =0
Find the midpoint of the interval

_1+2_
o~ 2

X 1.5

Checkif £'(1.5)=0
f'(1.5)=8x1.53-12x1.52=0

Write a conclusion either about dividing by zero, or about having a horizontal tangent

f(x
f'(1.5)=0,butyoucannotdivide by zerointhe formulax = =x — (")
n+1 n f'(X )

n

So 1.5 cannot be used as the first approximation

You could also say that x=1.5 is at a stationary point where the tangent is horizontal,
meaning it cannot intersect the x-axis to make X,
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