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Introduction to Complex Numbers /

Your notes

Cartesian Form of Complex Numbers

What is animaginary number?
= Equationslike x2 = —9 have noreal solutions
= Squaringreal numbers always gives a positive value
= Norealnumbersquared could give -9
= x= t3arerealnumbers, but neither work
= Theygive +9
= To getround this, mathematiciansintroduce the imaginary number, , as follows:
= Thiscanbethoughtofasi= \/-_1
= Rules forsurds and indices can be used
= x2= —9meansx2 = 9x(—1)=9i2

= Theimaginary solutions are x = *3i

Whatis acomplex number?
= Complex numbers have both areal part and animaginary part
= Forexample,
= Therealpartis 3
= Theimaginary partis 4
= Thisis called Cartesian form
= |ngeneral, Cartesian formis written using the notation:
= z=x+yi
= Re(z)=x
» Im(2)=y
How are real numbers and complex numbers related?
= Theletter stands forall complex numbers
= z€C
= Complexnumbers with noimaginary parts are real numbers

= Thereal numbers, R, are a subset of the complex numbers,

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com 2


https://www.savemyexams.com/?utm_source=pdf

"= RcC ,

= InCartesianformz=x+yi €C Your notes
= xER
= y€ER asyitself takesrealvalues
= Multiplying it by makesitimaginary: yi

= Complexnumbers with no real parts are called imaginary numbers

How dol add or subtract complex numbers?
= Add orsubtract theirreal parts and imaginary parts separately
s 3+40)+(2+8)=B+2)+(4+8)i=5+12i
» (3+4i)-(2+81)=(3-2)+(4-8)i=1-4i
How do | multiply or divide complex numbers by real
numbers?
= Multiply ordivide theirreal parts and imaginary parts separately
= 10(3 +4i) =30+ 40i
» (3+4i)+10=0.3+0.4i

1 3 4
= This canalso be written EG +4i)= —+—i

10 1

Examiner Tips and Tricks

= Avoid these handwriting misinterpretations when writing in the exam:

» 2./5icanlooklike 2. /51

= Alternativesare(2,/3 )i or2i/5

. ij canlooklike i
2 21

.. 31
= Analternativeis —

o

Worked Example

Two complex numbers are givenby z, =p+2iand z,= — 7+ qi,where p and q are
real.

Giventhat z, +2z,=4=8i findp and q.
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Substitute the complex numbers into the left-hand side
(p+2i) +2(=7+ gi)
Expand the brackets and collect real and imaginary terms

=p+2i— 14+2gi
=(p-14)+(2+29)i

Compare this to the right-hand side
Set thereal parts equal to each otherand solve

p—14=4
p=18

Set theimaginary parts equal to each otherand solve

2+2g=-8
2g=-10
q==3

Multiplying Complex Numbers

How do | multiply complex numbers?
= Allrules of expanding brackets still work
= Youneedtorememberthat
» Forexample, (a+ bi)(c+ di) = ac+ adi + bci + bdi?
s UseiZ= —1inthelastterm
= ac+adi+ bci— bd
= Then group real and imaginary parts
= Factorise outthe
s ac—bd+(ad+ bo)i
= Note that the difference between two squares becomes

= (a+bi)(a—bi)=a?— b= a2+ b2

How do | find powers of i?
= Usethe factthat

= Below are the first few powers of :

n 0=1
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Your notes
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s 3= —jifromi2xi=(-1)xi ,

= j4=1from(i2)2=(-1)2=1 Your notes
= S=ifromiS=(i2)2 xi=i

= The pattern above continues

= Find higher powers of using a base of i2
= Rememberthat-1to anevenpoweris1(ortoanoddpoweris -1)

= 2P=(Uxi=(-DIxi= —-i

©

Examiner Tips and Tricks

Questions that say "show your working clearly” won't accept answers written down
froma calculator.

o

Worked Example

Showing your working clearly, find and simplify:

(@) (4+1)(2+9i)

Expand the brackets
=4X2+4X91+1X2+1x9i
=8+ 36i +2i +9i2

Collect theimaginary parts
Use that then collect the real parts

=8+38i+9x(-1)
=8+38 -9

-1+38i
(b) (3 - 4i)2
Write using double brackets then expand

=(3-4i)(3 - 4i)
=9—12i—12i+ 16i2

Collect theimaginary parts
Use that then collect the real parts
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=9-24i+16x(-1) /
=9-24i- 16

Your notes
=7-24i
(©) (=211
Use indexlaws to move the power onto the individual terms
(-2)1 x !
Work out (=2)11
(=2)1'=-2048
Work outill
It helps to write itinterms of 110 then i2
Use
{11 =110 % §
=(i2)5 xi
=(-1)sxi
=-1xi
=-i
Multiply both parts together
Two minus signs make a plus
—2048 x (—i)
2048i

Complex Conjugates & Division

What is acomplex conjugate?
= |f z=x+ yithenthe complex conjugate of zis z* = x — yi
= The sign of the imaginary part changes
= Notethat
= z+ z* isalwaysreal
= sincex+yi+x—-yi=2x
= z—z* isalwaysimaginary
= sincex+ yi—(x—yi)=2yi
= zz* isalwaysreal (and non-negative)
= since(x+yi)(x —yi) =x2— y2i2=x2 + y2

= gz¥=z%z

How do | divide complex numbers?
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Z
« Todivide z, by z,, multiply top and bottom of Z—‘ by z,* ,
2 Your notes

= Z * is the complex conjugate of the denominator

= This makes the denominator areal number

= which allows you to write the final answer in Cartesian form, x + yi
= Theprocessis called realising the denominator

= |tisaverysimilarto rationalising the denominator with surds

50+ 751

= Forexample, to work out -
+41

(50+751) (3-4i)
G+4) (-4

= calculate

= |thelpstowrite the bracketsin

= then expand and simplify

=

Examiner Tips and Tricks

To check your answerin an exam, multiply it by the denominator and see if you get the

numerator.
\
:
Worked Example

LetZl=1+7iandZZ=3—i.

z
Find and simplify —1, giving your answer in the form x + yi where x and y are real
z
2
numbers.

Find the complex conjugate of the denominator
* = 1
z, 3+1

V4

Multiply the top and bottom of L by Zz*
V4
2

(1+71)) (3+i)
G-1) “(G+)

Write as one single fraction then expand top and bottom separately
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(1+470)B+i)  3+i+21i+7: :fp
G-)B+i)  9-i
Your notes
Use that then collect real andimaginary parts

3+1+211—-7
T 9-(-1)
—4+22i
~ 10

To give your answer in the form x + yi, split the fraction then simplify

4 22

070!

—0.4+2.2iisalso accepted
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Modulus & Argument

Argand Diagrams
Whatis an Argand diagram?

4

Your notes

= AnArganddiagramis a 2D Cartesian grid used to visualise complex numbers

= The complexnumber isrepresented by the point with coordinates

= Thereal partis measured along the x -axis

= called thereal axis, written "Re"

= Theimaginary partis measured along the y -axis

= called theimaginary axis, written "Im"

REPRESENTING AS A POINT

4 + 2i REPRESENTED BY (4, 2)
—3 — 3i REPRESENTED BY (-3, -3}
2 REPRESENTED BY (2,0)

i REPRESENTED BY (0, 1)

1, SaveMyExams

Complex numbers can be thought of as points, or as vectors from the origin

—4 -3 -2

-3-3i

© 2026 Save My Exams, Ltd.
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3
4+ 2i
2 X
1xi
2 + 0i Re
-10 1 2 3 1
-1
-2
-3
—4i
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4

REPRESENTING IN POSITION AT m

VECTOR FORM Your notes
Z,=3+2i 21
22'__ -2 -4 Z»1
Re
._2 O 3
Z,
IN A SKETCH YOU ONLY
SHOW THE KEY POINTS _4}
ON THE AXES!

o

Examiner Tips and Tricks

If asked to sketch an Argand diagram, it does not need to be to scale (plotted), but
should roughly show the correct positions.

o

Worked Example

Sketch, on the same Argand diagram, the complexnumbers 5 + 7i and —4 — 2i.
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4

Im Your notes

5+ 7i

Modulus & Argument

How do | find the modulus of a complex number?

Im

Wloooooo22

Re

12| =~Nx+y?
——

MODULUS OF Z

= The modulus of a complex numberis its distance from the origin on an Argand diagram

= [tiswritten
= |f,thenbyPythagoras' theorem
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= Amodulusis always positive or zero /

= |tcannotbe negative Your notes
= Forexample

" [3+4i|=4/324+42=5

" li-il=V 2202

|=5[=5

= |8i|=8

|0+ 0i| =0

What rules does the modulus follow?
= Helpful modulusrules are:

- 1z,2)=1711z)

» Provedusing z=x+ yiand z* = x— yi
= Be careful:

= Forexample, and
" |7 |=V3+# =5and|z,| =/ (-3)+42 =5
. SO|21|+|22|=10
. butzl+22=8iso|21+22|=8

How do | find the argument of a complex number?
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POSITIVE ,

ARGUMENTS Im z Im Your notes
Z
arg z
yj\Gr‘g Z
Re Re
T oL 7T
eg.argz = & eg.argz = "5
NEGATIVE Im -
ARGUMENTS
argz Re /arg z Re
Z Z
__J _ =57
eg.arg z 3 eg.argz = —2=

= The argument of acomplex numberis the angle in radians that it makes to the positive
real axis

= [tiswrittenasarg z
= The positive directionis anticlockwise
= Therange normally usedis
= Thisis called the principalrange
= Thesign of the angle depends on the quadrant:
= The ¥ quadrantis positive acute
» The 2" quadrant s positive obtuse
» The 3"dquadrant is negative obtuse
» The 4" quadrantis negative acute
= Arguments are found by
= drawing asketch
= forming aright-angled triangle
= using trigonometry
= The argument of the origin, arg (0 + 0i), is undefined

= Noangle canbe drawn
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Examiner Tips and Tricks ,

Always draw a sketch to see which quadrant the complex numberisin.

o

Worked Example

Your notes

(a) Find the modulus and argument of , giving your answers correct to 3 significant
figures.

Sketch this onan Argand diagram
Form aright-angled triangle

Use (or Pythagoras) to find the modulus

|z|=+/22+32
_JT3

=3.60555127...

zisinthe first quadrant so the argument is positive and acute
Use trigonometry to find the argument @ inradians
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9—3 /
tan =5

3 Your notes
0= tan‘l(—)

2
0=0.98279372...

Round the answers to 3 significant figures
|z| =3.61 andarg z=0.983 to 3 significant figures

(b) Find the modulus and argument of , leaving your answers as exact values.

Sketch thisonan Argand diagram
Form aright-angled triangle

Use (or Pythagoras) to find the modulus

2=/ (=1)2+(=/3)
=J/4

=2

zisinthe third quadrant so the argument is negative and obtuse
Use trigonometry to first find e inradians
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ang= > 4
an a = 1

a=tan~1(/3) Your notes
=
73

Then find 6 by subtracting a from180° (7 radians)
O=m—-a

X
3

Remember that the argument here must be a negative angle

27
|z| =2 andarg z= —T

These answers must be exact

Modulus-Argument Form

What is modulus-argument form?

Im

Y b ————— I‘=|Z|
O=argz

]
]
1
1
I
:
X Re

x
cos®="T = X =rcosO
. Y .
sm8=?=> y = sin0@

SN Z=x+iy = Z=rcosD +irsin®
Z =rlcosO +isin0)

MODULUS — ARGUMENT (POLAR) FORM

= Allcomplex numbers canbe writtenin the form:
u
= where and

= Thisis called the modulus-argument (or polar) form
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= Negative arguments should be shown clearly without simplifying ,

Your notes

= Simplifying them gives the Cartesian form
= Becareful: isnotin modulus-argument form (due to the minus sign)
= Rewriteitas
= This uses the symmetries cos(—6) = cos(d) and sin(—6) = —sin 0

= Theargumentis

o

Worked Example
Write inthe exact form r{cos @ + isin §) wherer>0and — <0< .

Draw a sketch to find the modulus, r, and argument, 9, of z
Form aright-angled triangle

Use (or Pythagoras)to find the modulus

|2l =/ (=4)2 +(4)2
=/32
=4\/§
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zisinthe second quadrant so the argument is positive and obtuse ,
Use trigonometry to first find ¢ inradians

Your notes
4
tan o= Z
a=tan"(1)
a= s
4

Write the final answer in the form f{cos 0 + i sin )

z=4/2 (cos(%ﬂ) +1sin (%))

Leave the modulus and argument exact
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Equating Real & Imaginary Parts /

Your notes

Equating Real & Imaginary Parts

How do | equate real and imaginary parts?
= |ftwo complex expressions are equal, then
= theirreal parts are equal
= and theirimaginary parts are equal
» |f a+bi=8— 10i where aand p arereal
= then a= 8 (equatingreal parts)
= and b= —10(equatingimaginary parts)
How do | solve equations using real and imaginary
parts?
= Introduce z= x + yi forexpressionsin z
= Forexample,solve z+2z*=12—1
= letz=x+yi
= Substitutein
» (x+yi)+2(x—yi)=12-1i
= Expandandcollect terms
= 3x—yi=12-i
= Equatereal and imaginary parts
= 3x=12givesx=4
= —y=-—-1givesy=1
= Substitute backinto z
= z=4+i
How do |l use real and imaginary parts with modulus
signs?
w Ifz=x+yithen|z=/x2+y2
= Helpful modulus rules are:

P AIPAIPA
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Z

%

Z
Zz|

+ l=12
* zz*=z%z=|z)?
s Provedusing z=x+yiand z* =x—yi
= Forexample, find pif Z, =p+pi, z,=2iand |z z,| =6,/2
. Uselzz,]=1zllz)
* lp+pill2il=6y2
" Uselz=\/x2+)?
= [P +p2 x2=6/2502/2p2=6,/2
= Square both sides and simplify
» p2=9

= p=%3

o

Examiner Tips and Tricks

yourself).

o

Worked Example

Let zand w be complexnumbers.
Itisknownthat w=5+2i andthat 22+ [0w= zz*.

Find the two possible values of z.
Write zinthe form x + yi
z=x+yi

Substitute this, and w, into the equation

Expand the bracketsandusei2= -1

Equate thereal parts and solve for y
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Your notes

Harder exam questions may not tell you to write zas x + yi (you have to spotit

(x+ yi)2+10(5 +2i) = (x + yi)(x - i)

x2+2xyi+ y2i2 + 50+ 20i = x2 — y2i2
x2+2xyi— y2+ 50+ 20i = x2 + y2

Get more and ace your exams at savemyexams.com
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x2—y2+50=x2+y2 ,
50=2y2
25=y2 Your notes

y=1z5

Now equate the imaginary parts and solve for x
Note that there are noimaginary parts on the right

2xy+20=0
xy=-10
10
xX=—-—

y

Wheny=5,thenx= -2
Wheny= —5,thenx=2
Substitute these backinto get z

—=2+5ior2-51
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