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1  Complex Numbers

Definitions and arithmetical operations

i=v—1, so V=16 = 4i, V=11 = V111, etc.

These are called imaginary numbers

Complex numbers are written as z=a + bi, where a and b € R.
aisthe real partand b is the imaginary part.

+, —, x are defined in the ‘sensible’ way; division is more complicated.

(a+bi) + (c+di) @@+c) + (b+d)i

(@+bi) — (c+di) = (@a-c) + (b—dji
(@+hbi) x (c+di) = ac + bdi 2 + adi + bci
= (ac —bd) + (ad +bc)i since i2=-1
So (3+4i) — (7-3i) = —4+Ti
and (4 +3i)(2-5i) = 23-14i

Division — this is just rationalising the denominator.

3+4i __ 3+4i 5—2i

S X == multiply top and bottom by the complex conjugate
23+14i _ 23 | 14,
2544 29 29

Complex conjugate

z=a+bi
The complex conjugate of zis z* = a— bi

Properties

Ifz=a+bi and w=c +di, then
i) {@+bi)y+c+d)}* = {@a+c)+{®+d)i}*
= {(a+c)—(b+d)i}
= (a—bi) + (c—di)
= (a+bi) *+(c+di)*

S (z+Hw)* = 7+ w*
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i) {(a+bi) (c+di)}*

= {(ac-bd) + (ad + bc)i}*

= {(ac — bd) — (ad + bc)i }

= (a—bi) (c - di)

= (a + bi)*(c + di)*

< (w)* = 7R w*

Complex number plane, or Argand diagram

We can represent complex numbers as points on the complex number plane:

3+ 2i asthe point A (3, 2), and —4 + 3i as the point (-4, 3).

4 1 Imaginary
B: (-4,3) =
27 =A:(3,2)
Real
t @ t >
-5 5 10
-21

Complex numbers and vectors

Complex numbers under addition (or subtraction) behave just like vectors under addition (or
subtraction). We can show complex numbers on the Argand diagram as either points or

vectors.
(@+bi)+(c+di) = (a+c)+(b+d)i
(@+bi)—(c+di) = (a-c)+(b-d)i

or

Re

= ()@ =G

= ()= =6-d

71— 12
72

71

Re
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Multiplication by i

I (3+4i) = -4+ 3i — onan Argand diagram this would have the effect of a rotation through

gabout the origin.
Im

(b, a)

In general,

i(a +bi) = b +ai i (a,b)

Re
Modulus of a complex number

This is just like polar co-ordinates.

The modulus of z is |z\ and z=a+bi

is the length of the complex number
|Z‘ = va? + bZ2. Re

27* = (a+bi)a—bi) = a2+ b?

- z7* =|z]2

Argument of a complex number

The argument of z is arg z = the angle made by the complex number with the positive
X-axis.
Your textboOk takes —z<argz < x, but you are allowed to take 0 <argz <2z

N.B. Always draw a diagram when finding arg z.

Example: Find the modulus and argument of z =-6 + 5i.

Solution:  First sketch a diagram (it is easy to get the argument wrong if you don’t).

—6,5 |
|zl = V6Z+52 = 61 &9 . m
z
and tan @=> = a=0-694738276 5
6 o
a N
= argz =0 =r7—a =245 to3sF 6 Re
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Equality of complex numbers
a+bi = c+di = a—-c = (d-h)i
= (a—c)®> = (d-b)?i? = —(d-Db)? squaring both sides
But (a—c)?> >0 and —(d—b)?> <0
= (@-c= -(d-b?>=0
= a=cand b=d
Thus a+bi = c+di

= real parts are equal (a =c), and imaginary parts are equal (b = d).

Square roots

Example: Find the square roots of 5+ 12i, inthe form a+bi, a,b € R.
Solution: Let +/5+ 12i = a+ bi

=  5+12i = (a+hi)2 = a>—b? + 2abi

Equating real parts =  a’-b? =5, I

equating imaginary parts = 2ab =12 = a= %
Lo 6)2 2

Substitute in 1 = (;) — b =5

=  36-Db* = 5p? =  b*+50*-36 =0

= O>-4)[B*+9)=0 = b%=4
= b=+2 and a =+3

= V5 +12i = 3+4+2i or -3-2i.

Roots of equations

(@) Any polynomial equation with complex coefficients has a complex solution.
The is The Fundamental Theorem of Algebra, and is too difficult to prove at this stage.

Corollary: Any complex polynomial can be factorised into linear factors over the
complex numbers.
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(b) If z=a+bi isarootof onz"+ an12" + on22"?+ ...+ @22?+ a12 + ao =0,
and if all the «; are real,
then the conjugate, z* = a—bi isalso a root.

The proof of this result is in the appendix.

(c) For any polynomial with zeros a + bi, a— bi,
(z—(a+bi))(z— (a—bi)) = z2—2az + a% + b?> will be a quadratic factor in which the
coefficients are all real.

(d) Using (a), (b), (c) we can see that any polynomial with real coefficients can be factorised
into a mixture of linear and quadratic factors, all of which have real coefficients.

Example:

Solution:

=
=

=

Show that 3 —2i is a root of the equation z* — 8z + 252 — 26 = 0.
Find the other two roots.

Putz=3-2i in 22— 82+ 25226
(3—2i)®—8(3—2i)> +25(3 - 2i) — 26
27 —54i +36i2 — 8i° —8(9—12i +4i? +75-50i—26
27 -54i —36 + 8i — 72+ 96i +32 + 75-50i—26

27—-36—-72+32+75—-26+(-54 + 8 + 96 — 50)i

0+ 0i

3—2i isaroot

the conjugate, 3 + 2i, is also a root since all coefficients are real

(z—(3+2i)(@z-(3-2i) = z2—6z+ 13 isafactor.

Factorising, by inspection,

Example:

Solution:

L
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72-872+251-26 = (z2-62+13)(z—2)=0

rootsare z=3+2i,0r2

Given that z=2+i isaroot of z*—2z3— 72+ 2z + 10 =0, find all the roots.
2+1i isaroot

the complex conjugate 2 —1i is also a root since all coefficients are real
(z-@2+)(z—-(2-0) = 72—4z+5 isafactor.

(z—4z+5)(Z2+22+2)=0 by inspection
72-42+5=0 or 22+22+2 = (z+1)?+1=0

z=2+1i, 2—1i, -1+i or -1-i.



2  Numerical solutions of equations

Accuracy of solution

When asked to show that a solution is accurate to n D.p., you must look at the value of f (x)
‘half” below and ‘half” above, and conclude that

there is a change of sign in the interval, and the function is continuous, therefore there
is a solution in the interval correct to n D.P.

Example: Show that & = 2-0946 is a root of the equation
f (x) =x3—2x—-5=0, accurate to 4 D.P.

Solution:
f (2.09455) =—0-0000165..., and f(2.09465) = +0-00997
There is a change of sign and f is continuous

= there is a root in [2-09455, 2-09465] = rootis «a=2-0946 to 4 D.P.

Interval bisection

(i) Find an interval [a, b] which contains the root of an equation f (x) = 0.

(i) x =22 is the mid-point of the interval [a, b]

Find f(aTH’) to decide whether the root lies in [a, asz] or [aTw,b] :

(iii) Continue finding the mid-point of each subsequent interval to narrow the interval which
contains the root.

Example: (i) Show that there is a root of the equation
f(x) =x3—2x—7=0inthe interval [2, 3].
(i)  Find an interval of width 0-25 which contains the root.

Solution: (i) f(2)=8-4-7=-3, and f(3)=27-6-7=14
There is a change of sign and f is continuous = there isaroot in [2, 3].
(i) Mid-point of [2, 3] is x=2-5,and f(2-5) =15-625-5-7 =3.625
= change of sign between x=2and x =25

= root in [2, 2-5]
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Mid-point of [2, 2-5] is x=2-25,
and f (2-25) = 11.390625 — 4.5 -7 = —0-109375

= change of sign between x=2-25and x =25

= root in [2-25, 2-5], which is an interval of width 0-25

Linear interpolation

To solve an equation f (x) using linear interpolation.
First, find an interval which contains a root,

second, assume that the curve is a straight line and use similar triangles to find where the line
crosses the x-axis,

third, repeat the process as often as necessary.

Example: (i) Show that there is a root, ¢, of the equation
f(x) =x3—2x—9=0n the interval [2, 3].
(i) Use linear interpolation once to find an approximate value of «.
Give your answer to 3 D.P.

Solution: (i) f(2)=8-4-9=-5, and f(3)=27-6-9=12
There is a change of sign and f is continuous = there is a root in [2, 3].

(i) From (i), curve passes through (2, -5) and (3, 12), and we assume that the curve
is approximately a straight line between these two points.

Let the line cross the x-axis at («, 0)

Using similar triangles

3-a _ 12 (3,12)
a—Z_ 5 i
—  15-5¢=120-24 112
= Ol:gzzi 2 a—2 |
17 17 | , " >
: a 3-«a 3
=  a= 2294 to3D.P. 5

(21 75)

Repeating the process will improve accuracy.
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Newton-Raphson y

Suppose that the equation f (x) =0 has a root at
Xx=a = f(a)=0

To find an approximation for this root, we first find
avalue x=a nearto x = « (decimal search).

In general, the point where the tangent at P, x = a,
meets the x-axis, x = b, will give a better
approximation.

At P, x = a, the gradient of the tangent is f'(a),
and the gradient of the tangent is also %.

PM=y=f(a) and NM=a-b

oy = PM _ f@ _ . f@
:>f(a)—NM—a_b = b=a Ty

Further approximations can be found by repeating the process, which would follow the dotted
line converging to the point («, 0).

f(xn)

This formula can be written as the iteration Xh+1 = Xn — =
[ (xn)

Example: (i) Show that there is a root, «, of the equation
f(x) =x3—2x-5=0inthe interval [2, 3].

(i) Starting with Xo = 2, use the Newton-Raphson formula to
find x1, X2 and xs, giving your answers to 3 D.P. where appropriate.
(iii)  Show that & = 2-095 is accurate to 3 D.P.

Solution: (i) f(2)=8-4-5=-1, and f(3)=27-6-5=16
There is a change of sign and f is continuous = there is aroot in [2, 3].

i)y fx)=x2-2x-5 = f/x)=3x*-2

_ f(xo) _ 8—4-5 _
= x=X-gen = 2o =21
= X2 = 2-094568121 = 2-095
= X3 = 2-094551482 = 2-095

(iii)  (2:0945) = — 0-000574...
f (2:0955) = + 0-010592...

There is a change of sign and f is continuous = there is a root in the interval
= a=2-0951t0 3 D.P.
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3  Coordinate systems

Parabolas y

y? = 4ax is the equation of a parabola which passes M
through the origin and has the x-axis as axis of
symmetry.

P (at2 2at)

Parametric form

x=at?, y=2at satisfy the equation for all values of t. directrix $(a, 0)
t is a parameter, and these equations are the parametric
equations of the parabola y? = 4ax.

Note that y? = (2at)? = 4a’t? = 4ax.

Focus and directrix

The point S (a, 0) is the focus, and
the line x =—a is the directrix.

A parabola is defined as the locus of a point P which is equidistant from the focus and the
directrix, PM = PS.

Let P be (x,y)then PM2 =PS2 = (x+a)? = (x—a)? +y?

= y?=4ax

Gradient

For the parabola y? = 4ax, with general point P, (at?, 2at), we can find the gradient in two
ways:

1. y?=4ax

d d 2 . . d 2 1
= 2yd—z:4a =N ﬁz;a,whlchwecanwrlteasﬁz—a= =

2at t
2. AtP, x=at? y=_2at

dy dx

= —=2a, — =2at
dt dt

Lody g 2a _ 2
dx ax/ .. 2at t

Note that there can be disadvantages in using y = v4ax so don’t!
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Tangents and normals

Example: Find the equations of the tangents to y? = 8x at the points where x = 18, and
show that the tangents meet on the x-axis.

Solution: x=18 = y?*=8x18 = y=#12

Zyd_yzg = w_ il since y =12

dx dx 3
= tangentsare y-—12= § x-18) = Xx—-3y+18=0 at (18, 12)
and y+12:—§(x—18) =  x+3y+18=0. at (18, -12)

To find the intersection, add the equations to give
2x+36=0 = x=-18 = y=0

= tangents meet at (—18, 0) on the x-axis.

Example: Find the equation of the normal to the parabola given by x = 3t?, y = 6t.

Solution: x=32 y=6t= £ =gt =g,

dt dt
dy _ dy/dt 6 1
= Jx  dx = - = 7
dx at 6t
. .o -1
= gradient of the normal is =~

1
t
= equation of the normal is y — 6t = —t (x — 3t).

Notice that this ‘general equation’ gives the equation of the normal for any particular
value of t:— when t=-3 the normalisy + 18 = 3(x — 27) < y=3x-99.

Rectangular hyperbolas 4

A rectangular hyperbola is a hyperbola in which the Xy =¢
asymptotes meet at 90°.

xy = c? is the equation of a rectangular hyperbola in
which the x-axis and y-axis are perpendicular
asymptotes.
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Parametric form

Xx=ct, y= % are parametric equations of the hyperbola xy =c2.

Tangents and normals

Example: Find the equation of the tangent to the hyperbola xy =36 at the point where
X=3.

Solution: x=3 = 3y=36 = y=12
y:s;c_6 — Z—z:_i—j:—4 when x =3

= tangent is y—12=-4(x-3)
= 4x +y—24=0.
3

Example: Find the equation of the normal to the hyperbola given by x=3t, y=-

¢

. 3 dx d -3
Solution: x=3t y=- = ==3 Z=2
t dt dt t2
-3

dy _ dy/dt 2 -1

= LT W, - 5 T =

dx at 3 t

. . -1
= gradient of the normal is —— = t?

T2

t2(x — 3t)

= equation of the normal is y —%

=  tx-ty= 3t*-3.
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4 Matrices

You must be able to add, subtract and multiply matrices.

Order of a matrix

An r x ¢ matrix has r rows and ¢ columns;
the fiRst number is the number of Rows
the seCond number is the number of Columns.

Identity matrix

The identity matrix is | = ((1) (1))

Note that MI = IM = M for any matrix M.

Determinant and inverse

LetM:(Z Z

DetM=|M| = ad - bc.

)then the determinant of M is

To find the inverse of M = (CCL Z)

Note that M M= MM =1

Q) Find the determinant, ad — bc.
If ad —bc =0, there is no inverse.

(i) Interchange a and d (the leading diagonal)
Change sign of b and c, (the other diagonal)
Divide all elements by the determinant, ad — bc.

= M= (4 7h)

—C a
Check:
o= T (4 D)0 D) = (e 0 ) () 9=

Similarly we could show that MM 1 =1.
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Example: M = (g é) and MN = (_21 i) Find N.

Solution:  Notice that M 2 (MN)= (M *M)N=IN=N multiplying on the left by M -
But MNM 1= IN we cannot multiply on the right by M
First find M 1

1 —
DetM = 4x3-2x5=2 = M—lzg;;;;5(3 2)

Using M 1 (MN)=IN=N
= ~n=E(3 G D=l b)) -

Singular and non-singular matrices

If det A=0,then A isasingular matrix, and A does not exist.

If det A=0,then A isa non-singular matrix, and A exists

Linear Transformations

A matrix can represent a transformation, but the point must be written as a column vector
before multiplying by the matrix.

Example: The image of (2, 3) under T = (i g) is given by (i g) (g) = (283)

= the image of (2, 3) is (23, 8).
Note that the image of (0, 0) is always (0, 0)
<> the origin never moves under a matrix (linear) transformation
Base vectors

The vectors | = ((1)) and | = ((1)) are called base vectors, and are particularly important in

describing the geometrical effect of a matrix, and in finding the matrix for a particular
geometric transformation.

(¢ Q=) = ¢ D=

i= ((1)) - (Ccl) the first column,and | = (0) - (b) the second column

This is a more important result than it seems!
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Finding the geometric effect of a matrix transformation

We can easily write down the images of i and |, sketch them and find the geometrical
transformation.

Example: Find the transformation represented by the matrix T = (S (3))

Solution: Find images of i,] and G) and show on a sy
sketch. Make sure that you letter the points ¢ 5
2 0y/1 0 1\_(2 0 2 ]
GG D-GS Y 1
From sketch we can see that the transformation is a ] X
two-way stretch, of factor 2 parallel to the x-axis T oA A
with the y-axis invariant, and of factor 3 parallel to
the y-axis with the x-axis invariant.
Finding the matrix of a given transformation.
Example: Find the matrix for a reflection iny = —x. r
Solution:  First find the images of i and | . These will be P
the two columns of the matrix.
, . 1 0 B’ (-1,0) - A(1,0) :
A-SA = 1= (0) — (_1).

This will be the first column of the matrix (_01 :)

B->B = 1:(2) — (_01)

This will be the second column of the matrix (: _1)

= Matrix of the reflection is (_01 _01)
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Rotation matrix

From the diagram we can see that

! cos 6 , . B(0,1)
1= (0) - (sine) ! B . ._Sind _
(-sin@, cosé) A’(cosd, sinb)
. _ (0 —sin® cosd
1= (1) - ( cos @ ) isin@
P .
These will be the first and second $
. coséd A (1 0)
columns of the matrix ’
L _ (cosf —sinf
= matrix Is Rg = (sinH cos 0 )
Determinant and area factor
. _(a b
For the matrix A = (C d) y b .
a b\(1\ _(a
(c d) (0) B (c) c id
a byoy_ (b | 5
and (c d) (1) o (d) (b, d) @ C)E -------
= the unit square is mapped on to the ai —1 C
parallelogram as shown in the diagram. y | |
1 :
a b

The area of the unit square = 1.

The area of the parallelogram = (a + b)(c + d) — 2 x (bc + % ac + % bd)

= ac +ad + bc + bd — 2bc —ac — bd

= ad —bc = detA.

All squares of the grid are mapped onto congruent parallelograms

= area factor of the transformation is det A = ad — bc.
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5 Roots of Equations

Roots of quadratic equations
Sum and Product

Suppose that the equation ax? + bx + ¢ =0 has roots e and f.
= (X—a) and (x— ) are factors

There might also be a constant factor k

= ax?+bx+c=k(x—a)(x-2)

= ax?+bx+c=keZ —k(a+ )X+ kap

As this is an identity we can equate coefficients

x: a=k
X b= kia+p) = a+p=—==
X% c=kap = aﬂ=§.

= If aand Barerootsof ax’+bx+c=0 then a+f = o and

Example: «aand S are the roots of 2x?> —3x—6=0.

Write down the values of « + g and of

and find the values of (i) a2+ B2, (i) (o —pB)? and (iii) a3+ B3

. -b 3 _
Solution: a +pf = — =3 and af = 2 :76:—3

(') We know that (a +ﬂ)2 = a2+26¥ﬁ +ﬁ2

— a2+ﬂ2 :(a+ﬂ)2_2aﬂ:(g)2_2x(_3)= 8%

(i) (@-pBP =(a+pB)% - 4ap = (;)2 —4x(-3)= 145
(i)  (a +pB)° =a®+3a?s +3af2+ B3
= &+ = (a +p)°-3af(a +p)

=) - 3x %] =19

18
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Example: «aand g are the roots of a quadratic equation, where o + § = g and of = _?5

Find the quadratic equation with integer coefficients.

SRS

. 7 -b -7 -5
Solution: a+ﬂ=5=7 = - == and aﬂ:?:g

H b
We can write ax?+bx+c=0 as x2+;x+§:o
- -5
= X+ Zx+2=0
2 3

= 6x°-21x-10=0

Example: «aand S are the roots of x> —2x -6 =0.
Find the equation whose rootsare y = a—4 and 6= f-4.

Solution:
Method 1:
a+p = %’ =2 and af = = = 6
= y+0 =a-4 + -4
=q+f-8=2-8= -6
and yo = (a—-4)(p-4)
= aff —Ma+pf)+16 = —6-4x2+16 = 2
= newequationis x>+ 6x+2=0
Method 2:

From y =a—-4 and 6=4-4

we can see that if we write y=x -4
= X=Yy+4inthe equation we get (y +4)>-2(y+4)-6=0

and that this equation will have roots which are 4 less than those of the original
equation

= y2+8y+16-2y-8 —6=0

= y2+6y+2=0 which agrees with method 1.

F1 MAY 2024 SDB 19



Example: «and S are the roots of x? + 2x—5=0.
Find the equation whose roots are y = a2 and 5= f2.

Solution:
Method 1:
a+f=2=_2and af=S<=-5
a a
= y+38 =a?+ fp?
=(a +B) — 20 =4+10=14
and yo = a’p?
= (af)? =25
= newequationis x*—14x+25=0
Method 2:

From y = a? and 6= B2
we can see that if we write y =x? = x=,/y inthe equation x? +2x-5=0

we get (\/y)?+2(,/y)-5=0

and that this equation will have roots which are the squares of those of the
original equation

=y -5=-2(/y)
= (y-5*=4y
= y2 — 10y + 25 = 4y

= y2—14y+25= 0 which agrees with method 1.

Method 2 will work for any symmetric function of the roots, and can be a big advantage for
more complicated expressions and for equations of a higher degree.
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Example: aand £ are the roots of x?+ 4x +5=0.

. . 1 1
Find the equation whose rootsare y =—— and 6=——.

a+1 B+1
Solution:
Method 1:
-b c
0(+ﬂ—7——4 and aﬂ—z—5
1 1
= rte =gt
_ BHita+l  a+f+2  —4+2 _1
T (a+1)(B+1)  aBf+(a+B)+1  5—4+1
1 1
and ]/5 = E X m
_ 1 _ 1 1
af+(a+f)+1  5-4+1 2
. 1
= new equation is X + x + 5= 0
= 2x2+2x+1=0
Method 2:

1 1
From y == and o= e

: . 1 1 . :
we can see that if we write y = et 5~ 1 in the equation X + 4x +5=10

1 2 1 _
we get (; - 1) +4(; - 1) +5=0
and that this equation will have the required roots
1
= )7 —

2y 1+2-445=0
y y

= 2y’ +2y+1=0 which agrees with method 1.
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6

Series

You need to know the following sums

n

1
Zr:1+2+3+---+n = En(n+1)

=
M3 1l
Ju

1

<
Il

NgE

=
1l
Ju

Example:

Solution:

Example:

Solution:

Example:

Solution:

22

r2=12 4224324 .- +n?

P =134+234+33 4+ +nd

%n(n +1)(2n+1)

1
2 2

—n?(n+1

g+ 1)

2

n
2
= Gn(n + 1)) = <Z r) a fluke, but it helps to rem

r=1
n
Find ;r(rz -3).
n n n
2_3) = 3 _
;r(r 3) ;r 3;7"

inz(n +1)%2 — 3% %n(n +1)
in(n + 1){n(n+1) — 6}

%n(n +1(n+3)(n-2)

Find Sh= 22+4%+6%+ ...+ (2n)

Sn= 22+4%+6%+ ...+ (2n)% = 2412+ 22+ 3%+ ... +n?)

4x=n(n+1)2n+1) = sn(n+1D2n+1).

Find z r2
r=>5
n+2 n+2 4
r? = r? — Z r? notice that the top limit is 4 not 5
r=5 r=1 r=1

%(n+2)(n+2+1)(2(n+2)+1)—% X4%X5x%9

%(n +2)(n +3)(2n + 5) — 30.

ember the formula
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7 Proof by induction

1. Show that the result/formula is true for n=1 (and sometimesn=2,3.)
“therefore the result/formula .......... is true for n=1".

2. Make induction assumption

“Assume that the result/formula .......... is true for n =k”.
Show that the result/formula must then be true for n=k + 1
“therefore the result/formula .......... is true for n=k + 1.

3. Belt and Braces

“We have shown that the result/formula .......... is true for n = 1, and that IF it is true

when n =k, then it must also be true whenn=k+ 1"

4. Final conclusion
“therefore the result/formula ... ......... is true for all positive integers, n, by
induction”.

Summation

Example: Use mathematical induction to prove that

Si=12+22+4 32+ . +n? = Zn(n+1)(@2n+1)

Solution: Whenn=1, S1=12=1 and 81:%x1(1+1)(2><1+1)=%x1x2x3 =1

=  Si=-n(+1)@n+1) istruefor n=1,

Assume that the formula is true for n =k

= S = 12+22+3%+ 4K = ck(k+ D2k +1)

= Sks1 = 12422432+ 42+ (k+ 1) = %k(k+1)(2k+1)+(k+1)2
= <(k + 1){k(2k + 1) + 6(k + 1)}
= <( + 1D{2k? + 7k + 6} = < (k + 1)(k + 2)(2k + 3)
= (e + D{(k + 1) + 1H{2(k + 1) + 1}

= The formulais true for n=k+1

We have shown that the statement is true for n = 1, and that IF it is true when
n = k, then it must also be true whenn=k + 1

= Sn= %n(n +1)(2n + 1) is true for all positive integers, n, by induction.
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Recurrence relations

Example: A sequence, 4,9, 19, 39, ... is defined by the recurrence relation
Ut =4, Un+1=2uUn+ 1. Prove that uy=5x2"-1 -1,
Solution: Whenn=1,u1=4,and u1=5x2*1-1=5-1=4, = formula true for n = 1.
Assume that the formula is true for n=k, = ux=5x2"1-1,

From the recurrence relation,

Uk +1 2u+1 = 26 x 2 1-1)+1

Ex2k -2 +1 = G5x2krh-1_1

= Uk +1
= the formulais true for n=k+1

We have shown that the statement is true for n = 1, and that IF it is true when
n =k, then it must also be truewhenn=k+ 1

= the formula is true for all positive integers, n, by induction.

Example: A sequence is defined by the recurrence relation
Ut =2, U2=10, Un+2=5Un+1— 6Un.
Prove that u,=2x3"-2"*1,
Solution: u1=2x3-22=2andu;=2x32-22=10
= formula truewhenn=1andn=2
Assume that the formula is truewhenn=k and n=k+1

= Uk=2x3-2k*1 gand ug+1=2 x 3k+1_2k+2

= Uc+2 = SUk+1—6Ux = 5(2x 3KF1_2k*+2) _ (2 x 3k—2k+1
= 10x3KFL_5x2k*2 _ 12 x 3K+ 6 x 2K+
= 6X3k+172><2k+2

= Uk+2 = 2X3k+2—2k+3

= formula true whenn=k + 2

We have shown that the formula is true forn =1 and for n =2, and that IF it is
true when n=kand n=k+ 1, then it must also be true when n =k + 2

= the formula is true for all positive integers, n, by induction.
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Divisibility problems

Example: Prove by induction that f (n) = n®—7n + 3 is divisible by 3 for all positive
integers n.

Solution:  f(1) = 13— 7x 1+ 3 =-3, which is divisible by 3

= statement is true forn =1

Assume that the statement is true for n =k,

fk) = k-7k+3
f(k+1) —f(k) = (k+1)P°-7(k+1)+3-(k-7k+3)

K+3k2+3k+1-7k-7+3-k3+7k-3
3k?+3k-9
3(k? + k — 3) which is a multiple of 3

= the statementistrueforn=k + 1

We have shown that the statement is true for n = 1, and that IF it is true when
n =k, then it must also be truewhenn=k+ 1

= f(n) = n®-7n + 3is divisible by 3 for all positive integers, n, by induction.

In some problems considering f (k + 1) — f (k), will lead to a proof which sometimes
has hidden difficulties, and a more reliable way is to consider f(k+1) — m x f (k),
where m is chosen to eliminate the exponential term.

Example: Prove that f(n) = 5" —4n— 1 is divisible by 16 for all positive integers, n.
Solution: When n=1, f(1) = 51 —4—1=0, which is divisible by 16,

and so f (n) is divisible by 16 when n=1.

Assume that the result is true for n=k, = f(k) = 5¢—4k -1 is divisible by 16.

Considering f (k+1) — 5x f (k) we will eliminate the 5% term.

f(k+1) — 5xf(K) (5**1—4(kk+1)-1)-5x (5 -4k -1)

Sk*1_4k-4-1 - 5**1+20k+5 = 16k
you must now make f (k + 1) the subject of the formula

= f(k+1) = 5xf(k) + 16k
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Since f (K) is divisible by 16 (induction assumption), and 16k is divisible by 16, then
f (k + 1) must be divisible by 16,

= f(n) = 5"—4n—-1lisdivisible by 16 for n=k +1

We have shown that the statement is true for n = 1, and that IF it is true when
n =k, then it must also be true whenn=k + 1
= f(n) = 5"—4n - 1isdivisible by 16 for all positive integers, n, by induction.

Example: Prove that f(n) = 22"*3 + 32"-1 js divisible by 5 for all positive integers n.
Solution: When n=1, f(1) = 22*3+ 32-1 = 32+3 =35 = 5x7,

and so the result is true for n = 1.

Assume that the result is true for n =k

= f(k) = 2%*3 + 3%-1 jsdivisible by 5

Now eliminate a power; we could consider either the power of 2 or the power of 3 (it
does not matter which)

f(k+1) — 22xf(k), whichwould eliminate the 2%*3 term I
or f(k+1) — 32xf(k), whichwould eliminate the 3%~ term I

| = f(k+1) _ 22><f(k) - 22(k+1)+3+ 32(k+1)_1 —22><(22k+3+ 32k—1)

22k+5+32k+1 _ 22k+5 _ 22><32k_1

= f(k+1) - 4xf(K) 9x 3%-1_4x3%-1 = 5x3%-1

you must now make f (k + 1) the subject of the formula
= f(k+1) = 4xf(k) — 5x3%-1

Since f (k) is divisible by 5 (induction assumption), and 5 x 3%~1 is divisible by 5,
then f(k +1) must be divisible by 5.

We have shown that the statement is true for n = 1, and that IF it is true when
n =k, then it must also be true whenn=k + 1
= f(n) = 22"*3 + 3?"-1 jsdivisible by 5 for all positive integers, n, by induction.
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There will be times when you are unable to eliminate a power. In these cases consider
f (k+ 1) —f (k) and hope!

Example: Prove by induction that f (n) = (3n + 2) x 4" +7 is divisible by 9 for all positive
integers n.

Solution: Whenn=1 f(1) = (3x 1+2)x4'+7=27 =9 x 3, divisible by 9
and so the result is true for n=1.
Assume that the result is true for n =k
= f(k)=@Bk+2)x4“+7 = 9m
Here we cannot eliminate the power of 4 so we try
f(k+1)—f(k) = Bk+5)x4*1+7 - (3k+2) x4k-7

12k x 4K+ 20 x 4% + 7 -3k x 4k 2 x 4k 7
Ok x 4K+ 18 x 4%

9 x 4% (k +2)
you must now make f (k + 1) the subject of the formula

= fk+1) = F(K+9x4(K+2) = 9m +9x4k(Kk+2)

o(m +9 x4 (k+2)) which is a multiple of 9
= f(k+1) isdivisible by 9.

We have shown that the statement is true for n = 1, and that IF it is true when
n =k, then it must also be truewhenn=k + 1

= f(n) = (8k +2) x 4+ 7 isdivisible by 9 for all positive integers, n, by
induction.
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Powers of matrices

2
0

277.

Example: If M = ( 0

—_ —on
11), prove that M" = ( 1 12 ) for all positive integers n.

Solution: When n=1, M! = (201 1_121) = (3 _11) =M

= the formula is true for n = 1.

2k 1 —zk)

Assume the formulaistrue for n=k = Mk = (0 1

Mk+1:MMk:(2 —1)(2’< 1—2k) :(szk 2—2><2"—1>
0 1/\0 1 0 1
2k+1 1_2k+1

= Mk+1 — (
0 1

) = The formulaistrue for n=k+1
We have shown that the formula is true for n = 1, and that IF it is true when n =k,
then it must also be truewhenn=k + 1

2" 1-2"

:>M"=(O 1

) is true for all positive integers, n, by induction.

28 F1 MAY 2024 SDB



8 Appendix

Complex roots of a real polynomial equation

Preliminary results:
| (Zr+z2+z3+24+ ... +20)* = 217*+ 22X + 3% + % + ..+ 2%,
by repeated application of (z +w)* = z* + w*
I @"* = (z%)"
(zw)* = 2*w*

= (@) =@ =@V =@ =@V @)

Theorem: Ifz=a+bi isarootof anz"+ an1Z"t+ an22"2+ ...+ a22%+ a1z + ao =0,
and if all the «; are real,
then the conjugate, z* = a— bi is also a root.

Proof: If z=a+bi isaroot of the equation anz"+ an12"*+ ...+ 12 + a0 =0

then onz"+an12" 1+ ...+ @222+ a12 + o =0

= (nZ"+ ana 2"+ ...+ a22?+ 12 + a0)* =0 since 0% = 0
= (an2")* + (01 2" H* + ...+ (a22)* + (@12)* + (a0)* =0 using |
= an*(Z")* + an 1*(@"N)* + L+ a2*(22)* + a1*(2)* + ao*=0  since (zw)* = 2*w*
= on(Z")* + an1(Z"N)* + ..+ a2(Z2)*+ a1(2)* + a0=0 aireal = a* = o
= an(Z%) "+ an-1(Z¥) "+ L+ a2(z)?+ a1(zF) + a0=0 using 11
= z* = a—bi isalso a root of the equation.

Formal definition of a linear transformation

A linear transformation T has the following properties:

0 1) ()

@ T(GD+GD) TG +1()

It can be shown that any matrix transformation is a linear transformation, and that any linear
transformation can be represented by a matrix.
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Roots of higher degree equations
Roots of cubic equations
Symmetric functions of the roots
Suppose that the equation ax® + bx? +cx +d =0 has roots «r, £ and y.
= (X—a), x—p) and (x—y) are factors
There might also be a constant factor k
k(x = a)(x = B)(x =)
= ai+bx?+cx+d = kS—k(a+ B+ y) X2 +k(af+ pr+ ya)x—kaBy

= act+bx*+cx+d

As this is an identity we can equate coefficients
x3 a=k

X b=—ka+p+y) = Ta=a+rfry=—=—

. c=k(ap+pr+ya) =  Xaf = Otﬁ+,3}/+7/a:§

~d
X’ d=—kapy =  afy=_-=—

Roots of quartic equations

Symmetric functions of the roots

Suppose that the equation ax* + bx®+ cx?+ dx +e =0 has roots «, 3, y and &.

In a similar way, we can show that for the symmetric functions of the roots

Ya =a+p+y+5= %b

xapf = aﬁ+ﬂ7/+y5+5a+a7+5ﬁ:£
xafy = afy+ pyo+ yoo + 5aﬁ:_7d
afyo = -

Note that in a symmetric function, any pair of letters can be interchanged without changing
the expression:

thus, interchanging gand din ¢ +f +y +0 gives a +3J + y + S, which leaves the
expression unchanged,

and interchanging « and g in afly + Byo+ yoa+ oaff gives Pay + ayd + yoff + dfe,
which leaves the expression unchanged.

The symmetric functions of the roots of higher degree equations follow a similar pattern.
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Derivative of x”, for any integer

We can use proof by induction to show that ;—x (x™) = nx™"1, for any integer n.

1)

2)

3)

We know that the derivative of x° is 0 which equals 0x?,

since x°=1, and the derivative of 1 is0

= :—x(x") = nx™ ! istrue for n=0.

We know that the derivative of x* is 1 which equals 1 x x!~!
= :—x(x") = nx" 1! istruefor n=1

Assume that the result is true for n =k

2 (xk — k-1

= — (x) kx

= i(xkﬂ) = i(x X xF) = x x i(xk) + 1 xxk product rule
dx dx dx

= ;—x(x"“) = x X kx*"1 + x* = kxk + xF = (k + 1)x*

= :—x (x™) = nx™ ! istrue for n=k+1

= ;—x(x") = nx™"1 is true for all positive integers, n, by mathematical induction.

We know that the derivative of x* is —x? which equals —1 x x*~1
= :—x(x") = nx"" 1 istrue for n=-1

Assume that the result is true for n =k

4a .k — k-1
= — (x) = kx
4.k k
Loty = () S Dgld) Z |
= dx (x ) T ode\x/ X2 quotient rule
Ao katy o Xk - xR e-Dxf g N k-2 o 1y (k=D
= dx (X ) - x2 - X2 - (k 1)X - (k 1)X

= ;—x (x™) = nx™ ! istrue for n=k-1

We are going backwards (from n=k to n=k- 1), and, since we started from n=-1,
= :—x(x”) = nx""1 is true for all negative integers, n, by mathematical induction.
Putting 1), 2) and 3), we have proved that

d _ .
— (™) = nx" 1 for any integer n.

F1 MAY 2024 SDB 31



8 Index

Complex numbers
Argand diagram, 4
argument, 5
arithmetical operations, 3
complex conjugate, 3
complex number plane, 4
cubic equations, 6
definitions, 3
equality, 6
modulus, 5
multiplication by i, 5
quartic equations, 7
similarity with vectors, 4
square roots, 6

Complex roots of a real polynomial equation, 28

Derivative of x", for any integer, 30

Determinant
area factor, 17

Linear transformation
formal definition, 28

Matrices
determinant, 14
identity matrix, 14
inverse matrix, 14
non-singular, 15
order, 14
singular, 15

Matrix transformations
area factor, 17
basis vectors, 15
finding matrix for, 16
geometric effect, 16
rotation matrix, 17
two way stretch, 16

32

Numerical solutions of equations

accuracy of solution, 8

interval bisection, 8

linear interpolation, 9

Newton Raphson method, 10
Parabolas

directrix, 11

focus, 11

gradient - parametric form, 11

normal - parametric form, 12

parametric form, 11

tangent - parametric form, 12
Proof by induction

divisibility problems, 25

general principles, 23

powers of matrices, 27

recurrence relations, 24

summation, 23
Rectangular hyperbolas

gradient - parametric form, 13

parametric form, 13

tangent - parametric form, 13
Roots of equations

cubic and quartic equations, 29

quadratic equations - sum and product, 18

symmetric functions of the roots, 29
Series

standard summation formulae, 22
Transformations

area factor, 17

basis vectors, 15

finding matrix for, 16

geometric effect, 16

linear transformations, 15

matrices, 16

rotation matrix, 17
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