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Radians & Angular Displacement 4

Your notes

Radians

= Aradian(rad)is defined as:

The angle subtended at the centre of a circle by an arc equal inlength to the radius of
the circle

= Radians are used whenever describing the angular displacement of objects in circular
motion

= Angulardisplacement canbe calculated using the equation:

= Where:
=A@ =angulardisplacement, orangle of rotation (radians)
= s=lengthof the arc, orthe distance travelled around the circle (m)

= r=radius of the circle (m)

= Radians are commonly writteninterms of t

= The angleinradians foracomplete circle (360°)is equal to:

circumference of circle 2nr

=—z= 200

radius

Radian Conversions

= |fanangle of 360° = 2mradians, then 1radianin degrees is equal to:

360 180
—_—=—=57.3°
2n m

= Use the following equation to convert from degrees to radians:
n
0° X ——=0rad

180

Table of common degrees to radians conversions
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| |
orradians

1, SaveMyExams

Degrees (°)

Radians (rads)

360 29
39
270 -
180 I
J
90 -

Worked Example

Convert the following angular displacement into degrees:

w|H

REARRANGE DEGREES TO

DEGREES —> RADIANS

RADIANS CONVERSION EQUATION
J

8= 205 = ORAD
180 o
RADIANS —> DEGREES ~ BRAD * = =8
1
SUBSTITUTE VALUE J’s WILL CANCEL OUT
I 180  180° .
SR S = 60

Examiner Tips and Tricks

© 2026 Save My Exams, Ltd.

You will notice your calculator has a degree (Deg) and radians (Rad) mode
Thisis shown by the “D” or “R” highlighted at the top of the screen

Rememberto make sureit’sin the right mode when using trigonometric
functions (sin, cos, tan) depending on whether the answeris required in degrees

s

Your notes
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= |tis extremely common for students to get the wrong answer (and lose marks) ,
because their calculatorisin the wrong mode when using trigonometric functions

- make sure this doesn’t happen to you! Your notes

o CURRENTLY IN DEGREES MODE

1. CLICK SHIFT e N~ N » 2. CLICK SET UP

1: MATH 10 2: LINE IO
3: DEG 4: RAD
Ete...

3. CLICK 4
TO SELECT RAD

_4. CHANGED TO
RADIANS MODE

Angular Displacement

= The angular displacement Afis the ratio of:

distance travelled around the circle

radius of the circle

= Angulardisplacement describes the change in angle, in radians, of abody as it movesin
acircle

= Thisangleis measured withrespect to the centre of orbit
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4

LENGTH OF Your notes

ARC S

1 RAD: S=r

When the angle is equal to one radian, the length of the arc (As) is equal to the radius (r) of
the circle

o

Examiner Tips and Tricks

Since the equation for angular displacement gives the angle in radians, make sure
you're comfortable with then converting to degrees if you need to for the question!
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Angular Velocity 4

Your notes

Angular Velocity

= The angular velocity w of abody in circularmotionis defined as:
The rate of change of angular displacement

= |notherwords, angularvelocity is the angle swept out by an objectin circular motion, per
second

= Angularvelocity is a vector quantity and is measured inrad s™
= Sinceitisavector, it has amagnitude (angular speed) and direction

= Angularvelocityis calculated using:

40
YAt

= Where:
=A@ =changeinangulardisplacement (radians)
= At=timeinterval(s)
= |tisrelatedtolinearspeed, vby the equation
vV=uwr
= Where:
» v=linearspeed,v(ms™)
» w=angularspeed (rads™)

= r=radius of orbit (m)

\(E ANGULAR VELOCITY
@

[
/\

ANGULAR DISPLACEMENT e

\Y

LINEAR VELOCITY
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When an object is in uniform circular motion, velocity constantly changes direction, but ,
the speed stays the same

Your notes
= Takingthe angular displacement of a complete orbit orrevolution as 2 radians, the

angular velocity w an be calculated using the equation:

v i 21
gl =

w =

= Where:
= T=thetime period(s)
= f=frequency (Hz)

= Thisequationshows that:

= The greatertherotation angle 8in a given amount of time T, the greater the angular
velocity w

= Anobjecttravelling with the same linear velocity, but further from the centre of orbit
(largerr) moves with a smaller angular velocity (smaller w)

o

Worked Example

Abird flies in a horizontal circle with an angular speed of 5.25 rad s~ of radius 650 m.
Calculate:

a) The linear speed of the bird

b) The angular frequency of the bird

Answer:
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a) STEP 1 LINEAR SPEED EQUATION ,
v=ro Your notes

STEP 2 SUBSTITUTE IN VALUES
V =650x5.25=34125=3410ms* (3 s.f)

b) STEP 1 ANGULAR SPEED WITH FREQUENCY EQUATION
w=2Jf

STEP 2 REARRANGE FOR FREQUENCY
oo
230

STEP 3 SUBSTITUTE IN VALUES

%5
=——=0. ..=0. Hz (3s.f.)
f o9 0.83556 0.836Hz (3s

=

Examiner Tips and Tricks

Try not to be confused by similar sounding terms like "angular velocity" and "angular
speed". Justlike inregularlinear motion, you have linear velocity and linear speed: one
is ascalar (speed) and the otheris avector (velocity).

In this worked example, the equation v = rw is used to calculate the linear speed. This is
fine, because vin this context is just the magnitude of the linear velocity (and similarly,
wis the magnitude of the angular velocity).

Finally, you may sometimes come across w being labelled as 'angular frequency’,
because of its relationship to linear frequency f as given by the alternative equation w
= 211f. Remember, the units of w are rad s™', whereas the units of f are Hz.
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Centripetal Acceleration

Deriving Equations for Centripetal
Acceleration

= Anobject moving in uniform circular motion travels with a constant angular
velocity and angular speed

= However, itsdirectionis always changing
= Therefore, its linear velocity changes, so it must be accelerating
= Thisis called a centripetal acceleration
= Anobjectincircularmotionis thus always accelerating
= Thisaccelerationis called 'centripetal’ becauseitis directed toward the centre of orbit

= To derive an equation for the magnitude of centripetal acceleration, consider an object
in uniform circular motion between point Aand B on a circle, as shown below:

Anobjectinuniform circular motion is accelerating toward the centre of orbit, O.
Between A and B, the horizontal component of motion changes from v sin@ to -v sin6

= AtAand B, byresolving the horizontal and vertical components of linear velocity v, it can
be seenthat:

= |nitial vertical component of v = final vertical component of v whichis v cos@
= [nitial horizontal component of vis vsin@
= Finalhorizontal component of vis -vsin@

= This means the acceleration of the objectis only horizontal, given by:

_Av (= vsin®) — (v sin6) _ —2vsin6
At t B t

a

4

Your notes
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= Recalling the equations forangular velocity w =8 /tand v = rw, then: ,

(= 0 B 0 B ro Your notes
(0] \4 \4
r

= Theobject'sangulardisplacementis actually 26, therefore, the time tis given by
2r0
1%

t

= Therefore, substituting thisinto the equation for acceleration gives:

_ —2vsinf _ —v2sinf
a= 20\ ro
v

= Thisequationis the acceleration of the object between points Aand B

= To find the instantaneous acceleration at an exact point on the circle, say point C,
reduce the size of the angular displacement 6 so it becomes infinitesimally small

= Thisis shownintheimage below:

By taking the limit of angular displacement as zero, we can derive an equation for the
instantaneous centripetal acceleration of the object at point C

= Inthelimit 8 — Oradians
= Thevalue of sin Bis approximately equal to 6

sin 0

0

= Therefore, ~ ] (forvery small angles)

= Thisis known as the small angle approximation

= Therefore, the instantaneous accelerationis the centripetal acceleration:
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V2 /’
a=——=—ro?
r

Your notes
= Where:
= a=centripetal acceleration (ms2)
= v=linearvelocity (ms™)
= r=radius of orbit(m)
» w=angularvelocity (rad s

= Thenegative signindicates that the centripetal accelerationis directed toward the
centre of orbit

o

Examiner Tips and Tricks

This seems like a complicated derivation, but there is no maths in there that you
haven't beenintroduced to already. It isimportant you know how to use the vector
diagrams to reach the final equations for angular accelerations, understanding every
step along the way. Try and do it without the notes to help memorise and see how far
you get!

Using Equations for Centripetal
Acceleration

= Centripetal accelerationis defined as:

The acceleration of an object towards the centre of a circle when an objectisin
motion (rotating) around a circle at a constant speed

= |tsmagnitudeis calculated using the radius randlinear speedv:

2

a=—
r

= Using the equationrelating angular speed w and linear speed v:
V=rlo

= These equations can be combined to give another form of the centripetal acceleration
equation:

_

4 r

a = rw?
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= This equation shows that centripetal acceleration is equal to the radius times the square ,
of the angular speed

Your notes
= Alternatively, rearrange forr:

r= %
W

= This equation canbe combined with the first one to give us another form of the
centripetal acceleration equation:

~~
el
p—

asvw

= This equation shows how the centripetal accelerationrelates to the linear speed and the
angular speed

V< /ELINEAR SEEED

W

\

CENTRIPETAL

ACCELERATION "}Nq

\E’ ANGULAR SPEED ‘

RADIUS »

Centripetal acceleration is always directed toward the centre of the circle, and is
perpendicular to the object’s velocity

= Where:
» a=centripetal acceleration (ms-2)
» v=linearspeed(ms-)
» o =angularspeed(rads)

= r=radius of the orbit (m)
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Worked Example ,

Aballtiedto astringisrotatingin a horizontal circle with aradius of .5mand an
angularspeed of 3.5rads™.

Your notes

Calculateits centripetal accelerationif the radius was twice as large and angular
speedwas twice as fast.

Answer:

STEP 1 ANGULAR ACCELERATION EQUATION WITH ANGULAR SPEED
a=rw'

STEP 2 CHANGE IN ANGULAR ACCELERATION WITH TWICE THE
RADIUS AND ANGULAR SPEED

a=(2r) x (207 = 2r = 402 = 8re?

THE CENTRIPETAL ACCELERATION WILL BE 8x BIGGER

STEP 3 SUBSTITUTE IN VALUES OF RADIUS AND ANGULAR SPEED
a=8r0?=8x15 * 3.5 = 147 ms2

=

Examiner Tips and Tricks

Make sure you understand both the derivation and how to use the equation for
centripetal acceleration. The most crucial step is to remember the small angle
approximation, that sin 8is approximately equal to 8 when the angle is very very small.
Try thisinyour calculator (inradians!) and see for yourself!
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Maintaining Circular Motion ,

Your notes

Maintaining Circular Motion

= Anobjectmovinginacircleis notinequilibrium, itis constantly changing direction

= Therefore, in orderto produce circular motion, an object requires a resultant force
toactonit

= Thisresultant force is known as the centripetal force and is what keeps an object
movinginacircle

= The centripetal force Fis defined as:

Theresultant force towards the centre of the circle required to keep a body in uniform
circular motion. It is always directed towards the centre of the body's rotation.

The tensionin the string provides the centripetal force F to keep the hammer in circular
orbit

= Note: centripetal force and centripetal acceleration act in the same direction
= Thisisdue to Newton’s Second Law
= The centripetal forceis not a separate force of its own

= |tcanbe any type of force, depending on the situation, which keeps an object
movingin a circular path

Examples of centripetal force
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Situation Centripetal force Yournotes
Car travelling around Friction between car tyres
a roundabout and the road

Ball attached to a rope Tension in the rope
moving in a circle

Earth orbiting the Sun Gravitational force

o

Examiner Tips and Tricks

Make sure you are able to give examples of centripetal forces, understanding that
many types of familiar forces (e.g., gravity, electric) can act as centripetal forces.

Aclassic example that often comes up in your magnetic fields topic is the magnetic
force onacharged particle, whichis always centripetal. This is because the force acts
at 90° to the charged particle's velocity, causing it to move in a circle.
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Centripetal Force 4

Your notes

Centripetal Force

= Centripetal force can be calculated using any of the following equations:

mv?

F = = mre?* = mvo
r

= Where:
= F=centripetal force (N)
= v=linearvelocity (m s
» y=angularspeed(rads™)

= r=radius of the orbit (m)

V< /ELINEAR SEEE(D

CENTRIPETAL _
FORCE

NE ANGULAR SPEED ‘

RADIUS »

Centripetal force is always perpendicular to the direction of travel
= Thecentripetal forceis the resultant force on the object movinginacircle

= Thisis particularly importantif there are multiple forces on the object, such as
weight

Vertical Circular Motion
= Anexample of vertical circular motionis swinging a ball on a string in a vertical circle
= Theforcesacting onthe ball are:

= Thetensioninthe string

= The weight of the ball downwards

= Astheballmoves around the circle, the direction of the tension will change continuously
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= The magnitude of the tension will also vary continuously, reaching a maximum value at ,

the bottom and a minimum value at the top
Your notes
= Thisis because the direction of the weight of the ball never changes, so the resultant

force will vary depending on the position of the ball in the circle

TMIN MG

MG MG

MG

= Atthe bottom of the circle, the tension must overcome the weight, this can be written as:

mv?
T = + mg

max I

= Asaresult, the acceleration, and hence, the speed of the ball will be slower at the top

= Atthe top of the circle, the tension and weight act in the same direction, this can be
written as:

mv?
T = - mg

min r

= Asaresult, the acceleration, and hence, the speed of the ball will be faster at the bottom

o

Worked Example

Abucket of mass 8.0 kgis filled with water and is attached to a string of length 0.5 m.
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s ~ ,
4 \

/ \ Your notes
j 05m

Whatis the minimum speed the bucket must have at the top of the circle so no water
spills out?

Answer:

Step 1: Draw the forces on the bucket at the top

T

3

Seeaa -

Weagh{ '\’rensioa

.-

~~~~~
______

Step 2: Write an expression for the centripetal force

= The weight of the bucket =mg

= Atthe top of the circular path, the weight and tension actin the same direction, so
the centripetal forceis

mv?

— =T+
P T+ mg

= The minimum speed vis when the stringis taut but not stretched, so the tension
hereiszero (T=0)

mv?
— = m
P g
Step 3: Rearrange for velocity v and calculate

= mcancelsfrombothsides

v=Jar
v=49.81%X0.5 =22ms"!
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